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ABSTRACT
It is known that stability is a fundamental and important topic in optimization theory. The main
objective of this field is to study of behavior of solutions to parametric problems when the data
of the problems undergoes small changes. Therefore, stability for optimization-related problems
holds both theoretical and practical significance, which has been used as a useful tool in post-
optimal analysis. As usual, the stability can be understood in two ways: the first involves the upper
and lower semicontinuity and the continuity of solution maps to parametric problems, referred to
as qualitative stability; the second encompasses the Hölder/Lipschitz continuity of solution maps
of the problems, termed quantitative stability. For parametric problems with the parameters per-
turbed in spaces of parameters, several researchers have established various types of stability con-
ditions, drawing on the continuity properties of objective maps and constrained maps, along with
their convexity and monotonicity properties. In this paper, we are concerned with parametric vec-
tor equilibrium problems in normed spaces and aim at to improve some recent results. To achieve
this, we first introduce a relaxed concept of cone-quasiconcavity, specifically the cone-lower level
quasiconcavity. Also, necessary and sufficient conditions are investigated. We provide an example
to illustrate that this new condition is strictly weaker than the cone-quasiconcavity. After that, we
employ this new condition together with Hölder properties of the constrained map and the ob-
jective map to establish sufficient conditions for the stability in the sense of Hölder continuity of
solution maps for the reference problems via the linear scalarization method. A special case of the
reference problems is also discussed. Our results in this paper represent improvements over the
existing ones in the literature.
Key words: Vector equilibrium problem, Hölder continuity, parametric problem, approximate
solution

INTRODUCTION   

The so-called equilibrium problem, in the sense of17,20,27, is a common formulation for describing 

various problems arising in different fields of mathematics. It encompasses several important 

problems such as the optimization problem, the variational inequality problem, the fixed-point 

and coincidence problems, Nash equilibrium problem, and more, see e.g., 16, 22. There are a lot of 

works devoted to existence conditions for this problem and its extensions, see e.g.,1-3, 6, 7, 18, 21, 28 

and the references therein. Stability analysis of solutions, including (semi)continuity in the sense 

of Berge and Hausdorff, as well as in the sense of Hölder/Lipschitz, also serves as a motivation 

for many researchers, see e.g.,4, 5, 8, 10-12, 14, 15, 19, 26, 29, 30. 

Observe that most of the previous results on the Hölder/Lipschitz continuity of the solution maps 

impose assumptions related to strong monotonicity/convexity conditions. As a consequence, the 

solution set of the problem is a singleton in the neighborhood of the reference point. It is known 

that the solution map is set-valued in general. Therefore, many attempts have been made to 

overcome this drawback. In23, 24, assumptions involving to the solution set are imposed on the 

data; however, these assumptions are difficult to verify due to the unknown solution set. In9, 13, 

verifiable conditions are utilized, and the Hölder continuity for approximate solution maps are 

obtained in the case of non-unique solutions. 

The aim of this paper is to investigate the Hölder continuity of the approximate solution map to 

a parametric vector equilibrium problem, which improves upon the results presented in9, 13, 25. To 

be more precise, we demonstrate that the conditions established in9, 13, 25 can be relaxed to the 

weaker ones. Additionally, we provide comprehensive proofs of the main results presented in 

the aforementioned papers. 
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The remainder of this paper is organized as follows. Section 2, we state the parametric vector 

equilibrium problem and recall some concepts needed in what follows. Section 3 is dedicated to 

establishing sufficient conditions for the Hölder continuity of the approximate solution map 

under milder assumptions.  

Throughout this paper, we use ∥⋅∥ for the norm in any normed space. 𝑑(𝑥, 𝐴) is the distance 

from 𝑥 to subset 𝐴. For a normed space 𝑋, 𝑋∗ is the topological dual space of 𝑋 and ⟨⋅,⋅⟩ is the 

duality pairing. ℝ+is the set of nonnegative real numbers. 𝔹(𝑥, 𝑟) denotes the closed ball of 

radius 𝑟 ≥ 0 centered at 𝑥. int 𝐴 stands for the interior of 𝐴. The diameter of 𝐴 is 

diam𝐴: = sup𝑥,𝑥′∈𝐴  ∥𝑥 − 𝑥′∥. 

For 𝐴, 𝐵 ⊂ 𝑋, the Hausdorff distance between 𝐴 and 𝐵 is defined by 

ℋ(𝐴, 𝐵) = max{ℋ∗(𝐴, 𝐵), ℋ∗(𝐵, 𝐴)}, 

where 

ℋ∗(𝐴, 𝐵) = sup𝑎∈𝐴  𝑑(𝑎, 𝐵), 

and  

𝑑(𝑥, 𝐴) = inf𝑦∈𝐴  𝑑(𝑥, 𝑦). 

From now on, unless otherwise stated, let 𝑋, 𝑌, Λ, and 𝑀 be normed spaces. 𝐴 ⊂ 𝑋 is a nonempty 

subset, 𝐶 ⊂ 𝑌 is a pointed closed convex cone with nonempty interior (int𝐶 ≠ ∅). The set-valued 

map 𝐾: Λ ⇉ 𝐴 has nonempty bounded convex values and 𝑓: 𝐴 × 𝐴 × 𝑀 → 𝑌 is a vector-valued 

map. For each (𝜆, 𝜇) ∈ Λ × 𝑀, the parametric vector equilibrium problem under our 

consideration is as follows: 

(WEP): Find 𝑥‾ ∈ 𝐾(𝜆) such that 

𝑓(𝑥‾, 𝑦, 𝜇) ∉ − int 𝐶, ∀𝑦 ∈ 𝐾(𝜆). 

For every (𝜀, 𝜆, 𝜇) ∈ ℝ+ × Λ × 𝑀 and 𝑒 ∈ int𝐶, we denote the 𝜀-approximate solution set of 

(WEP) at (𝜀, 𝜆, 𝜇) by 

𝑆(𝜀, 𝜆, 𝜇): = {𝑥 ∈ 𝐾(𝜆): 𝑓(𝑥, 𝑦, 𝜇) + 𝜀𝑒 ∉ −int𝐶, ∀𝑦 ∈ 𝐾(𝜆)}. 

We denote the dual cone of 𝐶 by 

𝐶∗: = {𝜉 ∈ 𝑌∗: ⟨𝜉, 𝑦⟩ ≥ 0, ∀𝑦 ∈ 𝐶}. 

Then, the set 𝐵𝑒
∗: = {𝜉 ∈ 𝐶∗: ⟨𝜉, 𝑒⟩ = 1} is a weak* compact base of 𝐶∗. For every 𝜉 ∈ 𝐵𝑒

∗, the 

𝜉-approximate solution set of (WEP) is denoted by 

𝑆𝜉(𝜀, 𝜆, 𝜇): = {𝑥 ∈ 𝐾(𝜆): ⟨𝜉, 𝑓(𝑥, 𝑦, 𝜇)⟩ + 𝜀 ≥ 0, ∀𝑦 ∈ 𝐾(𝜆)}. 

Now, we recall some notions needed in what follows. 

Definition 2.1. 

(a) A map 𝑓: 𝑋 → 𝑌 is said to be 𝐶-l.𝛼-Hölder continuous with respect to (wrt, shortly) 𝑒 at 

𝑥0 ∈ 𝑋, if there is a neighborhood 𝑉 of 𝑥0 such that, for all 𝑥1, 𝑥2 ∈ 𝑉, 

𝑓(𝑥1) − 𝑓(𝑥2) + 𝑙∥∥𝑥1 − 𝑥2∥∥𝛼𝑒 ∈ 𝐶. 

(b) A map 𝑓: 𝑋 × 𝑋 → 𝑌 is said to be 𝐶-(𝑙1. 𝛼1, 𝑙2. 𝛼2)-Hölder continuous wrt 𝑒 at (𝑥0, 𝑦0) if 

there exists a neighborhood 𝑁1 × 𝑁2 of (𝑥0, 𝑦0) such that for all (𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝑁1 × 𝑁2, 
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𝑓(𝑥1, 𝑦1) − 𝑓(𝑥2, 𝑦2) + (𝑙1∥∥𝑥1 − 𝑥2∥∥𝛼1 + 𝑙2∥∥𝑦1 − 𝑦2∥∥𝛼2 ) 𝑒 ∈ 𝐶. 

(c) A map 𝑓: 𝑋 × 𝑋 × 𝑋 → 𝑌 is said to be 𝐶 - (𝑙1. 𝛼1, 𝑙2. 𝛼2, 𝑙3. 𝛼3)-Hölder continuous wrt 𝑒 at 
(𝑥0, 𝑦0 , 𝑧0) if there exists a neighborhood 𝑁1 × 𝑁2 × 𝑁3 of (𝑥0, 𝑦0, 𝑧0) such that, for all  

(𝑥1, 𝑦1, 𝑧1), (𝑥2, 𝑦2, 𝑧2) ∈ 𝑁1 × 𝑁2 × 𝑁3, 

𝑓(𝑥1, 𝑦1, 𝑧1) − 𝑓(𝑥2, 𝑦2, 𝑧2) + [𝑙1∥∥𝑥1 − 𝑥2∥∥𝛼1+𝑙2∥∥𝑦1 − 𝑦2∥∥𝛼2 + 𝑙3∥∥𝑧1 − 𝑧2∥∥𝛼3]𝑒 ∈ 𝐶. 

(d) A set-valued map 𝐾: Λ ⇉ 𝐴 is said to be 𝑙.𝛼-Hölder continuous at 𝜆0 ∈ Λ if there is a 

neighborhood 𝑈 of 𝜆0 such that, for all 𝜆1, 𝜆2 ∈ 𝑈, 

𝐾(𝜆1) ⊂ 𝐾(𝜆2) + 𝑙∥∥𝜆1 − 𝜆2∥∥𝛼𝔹(0,1). 

Definition 2.2. Let 𝑓: 𝑋 → 𝑌 be a vector-valued map and Ω be a convex subset of 𝑋. It is said 

that 

(a) 𝑓 is 𝐶-concave on Ω if for any 𝑥1, 𝑥2 ∈ Ω and 𝑡 ∈ [0,1], 

𝑓(𝑡𝑥1 + (1 − 𝑡)𝑥2) ∈ 𝑡𝑓(𝑥1) + (1 − 𝑡)𝑓(𝑥2) + 𝐶. 

(b) 𝑓 is 𝐶-quasiconcave on Ω if for any 𝑥1, 𝑥2 ∈ Ω and 𝑡 ∈ [0,1], either 

𝑓(𝑡𝑥1 + (1 − 𝑡)𝑥2) ∈ 𝑓(𝑥1) + 𝐶,  

or 

𝑓(𝑡𝑥1 + (1 − 𝑡)𝑥2) ∈ 𝑓(𝑥2) + 𝐶. 

(c) 𝑓 is 𝐶-convexlike on Ω (Ω is not necessarily convex) if for any 𝑥1, 𝑥2 ∈ Ω and 𝑡 ∈ [0,1], 
there exists 𝑥3 ∈ Ω such that 𝑡𝑓(𝑥1) + (1 − 𝑡)𝑓(𝑥2) ∈ 𝑓(𝑥3) + 𝐶. 

We now propose a generalized concept related to the quasiconcavity. 

Definition 2.3. The map 𝑓: 𝑋 → 𝑌 is said to be 𝐶-lower level quasiconcave on Ω if for any 

𝑥1, 𝑥2 ∈ Ω, 𝑡 ∈ [0,1] with 𝑓(𝑡𝑥1 + (1 − 𝑡)𝑥2) ∈ −int𝐶, either 𝑓(𝑥1) ∈ −int𝐶 or 𝑓(𝑥2) ∈
−int𝐶. 

It is easy to see that 𝑓 is 𝐶-quasiconcave on Ω, then it is 𝐶-lower level quasiconcave on Ω. We 

now provide an equivalent condition to the 𝐶-lower level quasiconcavity. 

Lemma 2.4. The map 𝑓: 𝑋 → 𝑌 is 𝐶-lower level quasiconcave on 𝛺 if and only if the set 𝐿: =
{𝑥 ∈ 𝛺: 𝑓(𝑥) ∈ 𝑌 ∖ −int𝐶} is convex. 

Proof.  

[ ⟹ ] Let 𝑥1, 𝑥2 ∈ 𝐿, then 𝑓(𝑥1) ∈ 𝑌 ∖ −int𝐶 and 𝑓(𝑥2) ∈ 𝑌 ∖ −int𝐶. Suppose that 

𝑓(𝑡𝑥1 + (1 − 𝑡)𝑥2) ∉ 𝑌 ∖ −int𝐶 with 𝑡 ∈ [0,1], i.e., 𝑓(𝑡𝑥1 + (1 − 𝑡)𝑥2) ∈ −int𝐶, implying 

that either 𝑓(𝑥1) ∈ −int𝐶 or 𝑓(𝑥2) ∈ −int𝐶. This is a contradiction. Therefore, 

𝑓(𝑡𝑥1 + (1 − 𝑡)𝑥2) ∈ 𝑌 ∖ − int 𝐶, and hence 𝑡𝑥1 + (1 − 𝑡)𝑥2 ∈ 𝐿, which yields that 𝐿 is 

convex. 
[⟸] Suppose that 𝑓 is 𝐶-lower level quasiconcave on Ω. Suppose that there are 𝑥1, 𝑥2 ∈ Ω, 𝑡 ∈
[0,1] with 𝑓(𝑡𝑥1 + (1 − 𝑡)𝑥2) ∈ −int𝐶 but 𝑓(𝑥1), 𝑓(𝑥2) ∈ 𝑌 ∖ −int𝐶, i.e., 𝑥1, 𝑥1 ∈ 𝐿. Hence, 

𝑡𝑥1 + (1 − 𝑡)𝑥2 ∈ 𝐿, which yields that 𝑓(𝑡𝑥1 + (1 − 𝑡)𝑥2) ∈ 𝑌 ∖ −int𝐶. This is impossible. □ 

The following example shows that the 𝐶-lower level quasiconcavity is strictly weaker than the 

𝐶-quasiconcavity. 

Example 2.5. Let 𝑋 = ℝ, 𝑌 = ℝ2, 𝐶 = ℝ+
2 , Ω = [−1,1] and 𝑓(𝑥) = (𝑥2, 𝑥2). It easy to see that 

{𝑥 ∈ Ω: (𝑥2, 𝑥2) ∈ 𝑌 ∖ −int 𝐶} = [−1,1] is convex, implying that 𝑓 is 𝐶-lower level 

quasiconcave on Ω. However, 𝑓 is not 𝐶-quasiconcave on Ω. To see this, take 𝑥1 = −1, 𝑥2 = 1 
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and 𝑡 =
1

2
, one has 𝑓(𝑥1) = 𝑓(𝑥2) = (1,1) and 𝑓(𝑡𝑥1 + (1 − 𝑡)𝑥2) = 𝑓(0) = (0,0). Obviously, 

𝑓(𝑥𝑡) ∉ 𝑓(𝑥1) + ℝ+
2  and 𝑓(𝑥𝑡) ∉ 𝑓(𝑥2) + ℝ+

2 . 

Lemma 2.6. For each 𝜉 ∈ 𝐵𝑒
∗, 𝑦 ∈ 𝐾(𝛬) and 𝜇 ∈ 𝑀, if the 𝑚𝑎𝑝 (𝑥, 𝜀) ↦ 𝑓(𝑥, 𝑦, 𝜇) + 𝜀𝑒 is 𝐶-

lower level quasiconcave on 𝐴 ≔ 𝐾(𝛬) × (0, +∞), then the following set is convex: 

ℒ: = {(𝑥, 𝜀) ∈ 𝐴: ⟨𝜉, 𝑓(𝑥, 𝑦, 𝜇)⟩ + 𝜀 ≥ 0}. 

Proof. Take any (𝑥1, 𝜀1), (𝑥2, 𝜀2) ∈ ℒ, 𝑡 ∈ [0,1] and let (𝑥𝑡 , 𝜀𝑡): = (𝑡𝑥1 + (1 − 𝑡)𝑥2, 𝑡𝜀1 +
(1 − 𝑡)𝜀2). Suppose that for each 𝜉 ∈ 𝐵𝑒

∗,  

⟨𝜉, 𝑓(𝑥𝑡 , 𝑦, 𝜇)⟩ + 𝜀𝑡 < 0 

then one has 𝑓(𝑥𝑡 , 𝑦, 𝜇) + 𝜀𝑡𝑒 ∈ −int𝐶. Therefore, either 𝑓(𝑥1, 𝑦, 𝜇) + 𝜀1𝑒 ∈ −int 𝐶 or 

𝑓(𝑥2, 𝑦, 𝜇) + 𝜀2𝑒 ∈ −int 𝐶, which yields that either ⟨𝜉, 𝑓(𝑥1)⟩ + 𝜀1 < 0 or ⟨𝜉, 𝑓(𝑥2)⟩ + 𝜀2 < 0, 

a contradiction as (𝑥1, 𝜀1), (𝑥2, 𝜀2) ∈ ℒ. □ 

Lemma 2.7. (See [9]) For each 𝜆 ∈ 𝛬, 𝑥 ∈ 𝐾(𝜆) and 𝜇 ∈ 𝑀, if the mapping 𝑦 ⟼ 𝑓(𝑥, 𝑦, 𝜇) is 

𝐶-convexlike on 𝐾(𝜆), then 

𝑆(𝜀, 𝜆, 𝜇) = ⋃  

𝜉∈𝐵𝑒
∗

𝑆𝜉(𝜀, 𝜆, 𝜇). 

In this section, we begin with establishing adequate conditions for ensuring the Hölder 

continuity of the 𝜉-approximate solution maps. Applying this result with suitable techniques, 

sufficient conditions for the Hölder property of the approximate solution maps are established. 

Theorem 3.1. For (WEP), assume that for each 𝜉 ∈ 𝐵𝑒
∗, the 𝜉-approximate solutions exist in a 

neighborhood of the considered point (𝜆0, 𝜇0) ∈ 𝛬 × 𝑀. Assume further that 

(i) 𝐾 is m.𝛼-Hölder continuous on 𝛬; 

(ii) for each 𝑦 ∈ 𝐾(𝛬) and 𝜇 ∈ 𝑀, (𝑥, 𝜀) ⟼ 𝑓(𝑥, 𝑦, 𝜇) + 𝜀𝑒 is 𝐶-lower level quasiconcave on 

𝐾(𝛬) × (0, +∞). 

(iii) 𝑓 is (𝑙1. 𝛼1, 𝑙2. 𝛼2, ℎ. 𝛽)-Hölder continuous on 𝐾(𝛬) × 𝐾(𝛬) × 𝑀. 

Then, for any 𝜀‾ > 0 and 𝜉‾ ∈ 𝐵𝑒
∗, there exist open neighborhoods 𝑁(𝜉‾) of 𝜉‾, 𝑁𝜉‾ (𝜆0) of 𝜆0 and 

𝑁𝜉‾ (𝜇0) of 𝜇0 such that the mapping 𝑆𝜉  is Hölder continuous on [𝜀‾, +∞) × 𝑁𝜉‾ (𝜆0) × 𝑁𝜉‾ (𝜇0), 

i.e., 

ℋ (𝑆𝜉(𝜀1, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2, 𝜆2, 𝜇2)) ≤ 𝑘1|𝜀1 − 𝜀2| + 𝑘2∥∥𝜇1 − 𝜇2∥∥𝛽 + 𝑘3∥∥𝜆1 − 𝜆2∥∥𝛼𝛿 , 

where 𝜉 ∈ 𝑁(𝜉‾), (𝜀𝑖 , 𝜆𝑖 , 𝜇𝑖) ∈ [𝜀‾, +∞) × 𝑁𝜉‾ (𝜆0) × 𝑁𝜉‾ (𝜇0), 𝑖 = 1,2 and 𝑘1, 𝑘2, 𝑘3 are positive 

and depend on 𝜀‾, 𝑚, 𝛼, ℎ, 𝛽, etc. 

Proof. Let 𝜉‾ ∈ 𝐵𝑒
∗ and 𝑁(𝜉‾) × 𝑁𝜉‾ (𝜆0) × 𝑁𝜉‾ (𝜇0) ⊂ 𝐵𝑐

∗ × 𝑈 × 𝑉 be open, where 𝑈 and 𝑉 are 

neighborhoods of 𝜆0 and 𝜇0, respectively. Let (𝜀1, 𝜆1, 𝜇1), (𝜀2, 𝜆2, 𝜇2) ∈ [𝜀‾, +∞) × 𝑁𝜉‾ (𝜆0) × 

𝑁𝜀‾ (𝜇0) be arbitrarily given. Without loss of generality, we always assume that 𝜀1 < 𝜀2. For the 

sake of convenience, the proof is divided into three steps. 

Step 1. We estimate for ℋ (𝑆𝜉(𝜀1, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2, 𝜆1, 𝜇1)) where 0 < 𝜀1 < 𝜀2 and 𝜉 ∈ 𝑁(𝜉‾). 

Let 

𝜌: = diam𝐾(𝜆0) + 2𝑚(diam(𝑈))𝛼 , 

we first show that for all (𝜆, 𝜇) ∈ 𝑈 × 𝑉 and 𝜉 ∈ 𝐵𝑒
∗, 

HÖLDER CONTINUITY OF APPROXIMATE SOLUTIONMAPS
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ℋ (𝑆𝜉(𝜀1, 𝜆, 𝜇), 𝑆𝜉(𝜀2, 𝜆, 𝜇)) ≤ 𝜌𝜀2
−1|𝜀1 − 𝜀2|. 

Obviously, 𝑆𝜉(𝜀1, 𝜆, 𝜇) ⊂ 𝑆𝜉(𝜀2, 𝜆, 𝜇). Therefore, 

ℋ∗ (𝑆𝜉(𝜀1, 𝜆, 𝜇), 𝑆𝜉(𝜀2, 𝜆, 𝜇)) = 0. 

Take any 𝑥2 ∈ 𝑆𝜉(𝜀2, 𝜆, 𝜇) and 𝑥0 ∈ 𝑆𝜉(0, 𝜆, 𝜇), by the convexity of 𝐾(𝜆), we have that  

𝜀1𝜀2
−1𝑥2 + (𝜀2 − 𝜀1)𝜀2

−1𝑥0 ∈ 𝐾(𝜆). 

For all 𝑦 ∈ 𝐾(𝜆), we have 

⟨𝜉, 𝑓(𝑥0, 𝑦, 𝜇)⟩ ≥ 0  and  ⟨𝜉, 𝑓(𝑥2, 𝑦, 𝜇) + 𝜀2 ≥ 0, 

i.e.,  

(𝑥0, 0), (𝑥2, 𝜀2) ∈ ℒ, 

where  

ℒ: = {(𝑥, 𝜀) ∈ 𝐾(𝜆) × (0, +∞): ⟨𝜉, 𝑓(𝑥, 𝑦, 𝜇)⟩ + 𝜀 ≥ 0, ∀𝑦 ∈ 𝐾(𝜆)}. 

By Lemma 2.6, one gets 

(𝜀1𝜀2
−1𝑥2 + (𝜀2 − 𝜀1)𝜀2

−1𝑥0, 𝜀1𝜀2
−1𝜀2 + (𝜀2 − 𝜀1)𝜀2

−10) ∈ ℒ, 

which implies 

 ⟨𝜉, 𝑓(𝜀1𝜀2
−1𝑥2 + (𝜀2 − 𝜀1)𝜀2

−1𝑥0, 𝑦, 𝜇)⟩ + 𝜀1 ≥ 0.  

Thus, we get 𝑥1: = 𝜀1𝜀2
−1𝑥2 + (𝜀2 − 𝜀1)𝜀2

−1𝑥0 ∈ 𝑆𝜉(𝜀1, 𝜆, 𝜇). Then,  

∥∥𝑥2 − 𝑥1∥∥ = 𝜀2
−1|𝜀1 − 𝜀2| ∥ 𝑥2 − 𝑥0 ∥. 

We see that 𝐾(𝜆) ⊂ 𝐾(𝜆0) + 𝑚𝐵(0, ∥∥𝜆 − 𝜆0∥∥𝛼) for all 𝜆 ∈ 𝑈 and hence diam 𝐾(𝜆) ≤ 𝜌. 

Therefore, ∥∥𝑥2 − 𝑥1∥∥ ≤ 𝜌𝜀2
−1|𝜀1 − 𝜀2|, and we get the following estimate: 

ℋ∗ (𝑆𝜉(𝜀2, 𝜆, 𝜇), 𝑆𝜉(𝜀1, 𝜆, 𝜇)) ≤ 𝜌𝜀2
−1|𝜀1 − 𝜀2|. 

Consequently,  

ℋ (𝑆𝜉(𝜀1, 𝜆, 𝜇), 𝑆𝜉(𝜀2, 𝜆, 𝜇)) ≤ 𝜌𝜀2
−1|𝜀1 − 𝜀2|. 

This together with the fact 𝜀2 ∈ [𝜀‾, +∞) implies that 

ℋ (𝑆𝜉(𝜀1, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2, 𝜆1, 𝜇1)) 

≤ 𝜌(𝜀‾)−1|𝜀1 − 𝜀2| = 𝑘1|𝜀1 − 𝜀2|, 

where 𝑘1 = 𝜌(𝜀‾)−1. 

Step 2. We estimate for ℋ (𝑆𝜉(𝜀2, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2, 𝜆1, 𝜇2)) where 𝜀‾ < 𝜀2, 𝜆1 ∈ 𝑁𝜉̃(𝜆0), 𝜉 ∈ 

𝑁(𝜉‾) and 𝜇1, 𝜇2 ∈ 𝑁𝜉‾ (𝜇0) with 𝜇1 ≠ 𝜇2. First, for each 𝑥, 𝑦 ∈ 𝐾(𝑈) and 𝜇1, 𝜇2 ∈ 𝑁𝜉‾ (𝜇0), by 

(iii), we have 

𝑓(𝑥, 𝑦, 𝜇1) − 𝑓(𝑥, 𝑦, 𝜇2) + ℎ∥∥𝜇1 − 𝜇2∥∥𝛽𝑒 ∈ 𝐶. 
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Then, for each 𝜉 ∈ 𝑁(𝜉‾), 

|⟨𝜉, 𝑓(𝑥, 𝑦, 𝜇1)⟩ − ⟨𝜉, 𝑓(𝑥, 𝑦, 𝜇2)⟩| ≤ ℎ∥∥𝜇1 − 𝜇2∥∥𝛽 . 

Now, we divide Step 2 into two cases. 

Case 1:  ℎ∥∥𝜇1 − 𝜇2∥∥𝛽 ≤ 𝜀2. Let 𝑟 = ℎ∥∥𝜇1 − 𝜇2∥∥𝛽
, then 0 < 𝑟 ≤ 𝜀2. We claim that  

𝑆𝜉(𝜀2 − 𝑟, 𝜆1, 𝜇1) ⊂ 𝑆𝜉(𝜀2, 𝜆1, 𝜇2). 

Indeed, let 𝑥‾ ∈ 𝑆𝜉(𝜀2 − 𝑟, 𝜆1, 𝜇1). Then, for all 𝑦 ∈ 𝐾(𝜆1), 

⟨𝜉, 𝑓(𝑥‾, 𝑦, 𝜇2)⟩ + ⟨𝜉, 𝑓(𝑥‾, 𝑦, 𝜇1)⟩ − ⟨𝜉, 𝑓(𝑥‾, 𝑦, 𝜇2)⟩ + 𝜀2 − 𝑟 ≥ 0. 

Consequently, ⟨𝜉, 𝑓(𝑥‾, 𝑦, 𝜇2)⟩ + 𝜀2 ≥ 0 for all 𝑦 ∈ 𝐾(𝜆1), i.e., 𝑥‾ ∈ 𝑆𝜉(𝜀2, 𝜆1, 𝜇2). Hence, using 

the result of Step 1, we arrive at: 

ℋ∗ (𝑆𝜉(𝜀2, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2, 𝜆1, 𝜇2)) 

≤ ℋ∗ (𝑆𝜉(𝜀2, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2 − 𝑟, 𝜆1, 𝜇1)) 

≤ ℋ∗ (𝑆𝜉(𝜀2, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2 − 𝑟, 𝜆1, 𝜇1)) 

As a result,  

ℋ∗ (𝑆𝜉(𝜀2, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2, 𝜆1, 𝜇2)) ≤ 𝜌𝑟𝜀2
−1 

≤ 𝜌ℎ(𝜀‾)−1∥∥𝜇1 − 𝜇2∥∥𝛽 . 

With the same arguments, we get 

ℋ∗ (𝑆𝜉(𝜀2, 𝜆1, 𝜇2), 𝑆𝜉(𝜀2, 𝜆1, 𝜇1)) ≤ 𝜌ℎ(𝜀‾)−1∥∥𝜇1 − 𝜇2∥∥𝛽 . 

Therefore, 

ℋ (𝑆𝜉(𝜀2, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2, 𝜆1, 𝜇2)) ≤ 𝜌ℎ(𝜀‾)−1∥∥𝜇1 − 𝜇2∥∥𝛽 . 

Case 2:  ℎ∥∥𝜇1 − 𝜇2∥∥𝛽 > 𝜀2. Let 𝜌1 = diam 𝑉. Then, there exists a natural number 𝑛 such that 

𝜌1

𝑛
≤ (

𝜉‾

ℎ
)

1/𝛽

. Let 𝑃1: = {𝑣1 = 𝜇1, 𝑣2, … , 𝑣𝑛+1 = 𝜇2} be a partition of segment [𝜇1, 𝜇2] such that 

∥∥𝑣𝑖 − 𝑣𝑖+1∥∥ =
∥∥𝜇1 − 𝜇2∥∥

𝑛
. 

Then, we have  

∥∥𝑣𝑖 − 𝑣𝑖+1∥∥𝛽 = (
∥∥𝜇1−𝜇2∥∥

𝑛
)

𝛽

≤ (
𝜌1

𝑛
)

𝛽

≤
𝜀‾

ℎ
≤

𝜖2

ℎ
. 

Hence, using the result of Case 1, one gets 

ℋ (𝑆𝜉(𝜀2, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2, 𝜆1, 𝜇2)) 
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 ≤ ∑  

𝑛

𝑖=1

 ℋ (𝑆𝜉(𝜀2, 𝜆1, 𝑣𝑖), 𝑆𝜉(𝜀2, 𝜆1, 𝑣𝑖+1))

 ≤ 𝜌1ℎ(𝜀‾)−1 ∑  

𝑛

𝑖=1

 ∥∥𝑣𝑖 − 𝑣𝑖+1∥∥𝛽

 ≤ 𝑛𝜌1ℎ(𝜀‾)−1∥∥𝜇1 − 𝜇2∥∥𝛽

∶= 𝑘2∥∥𝜇1 − 𝜇2∥∥𝛽 .

 

Step 3. Let 𝜀2 ∈ [𝜀‾, +∞), 𝜇2 ∈ 𝑉 and 𝜆1, 𝜆2 ∈ 𝑈′, where 𝑈′ ⊂ 𝑈 is a neighborhood of 𝜆0 with 

diam 𝑈′ ≤
1

2
. We provide an estimation for ℋ (𝑆𝜉(𝜀2, 𝜆1, 𝜇2), 𝑆𝜉(𝜀2, 𝜆2, 𝜇2)) with 𝜆1 ≠ 𝜆2. 

Putting 

𝜂: = 𝜀2 − 𝜀‾ 

and  

𝛿: = (𝑙1𝑚𝛼1 + 𝑙2𝑚𝛼2)∥∥𝜆1 − 𝜆2∥∥𝛼3 

where 𝛼3: = min{𝛼, 𝛼𝛼1, 𝛼𝛼2}, we have also two cases. 

Case 1: 𝛿 ≤ 𝜂. Then 𝜀2 − 𝛿 ≥ 𝜀2 − 𝜂 = 𝜀‾. For all 𝑥1 ∈ 𝑆𝜉(𝜀2 − 𝛿, 𝜆1, 𝜇2), then 𝑥1 ∈ 𝐾(𝜆1) and 

𝑓(𝑥1, 𝑦, 𝜇2) + 𝜀2 − 𝛿 ≥ 0 for all 𝑦 ∈ 𝐾(𝜆1). By (i), there exists 𝑥2 ∈ 𝐾(𝜆2) such that  

∥∥𝑥1 − 𝑥2∥∥ ≤ 𝑚∥∥𝜆1 − 𝜆2∥∥𝛼
. 

For each 𝑦2 ∈ 𝐾(𝜆2), also by (i), there is 𝑦1 ∈ 𝐾(𝜆1) satisfying ∥∥𝑦1 − 𝑦2∥∥ ≤ 𝑚∥∥𝜆1 − 𝜆2∥∥𝑎
. 

Since 𝑦1 ∈ 𝐾(𝜆1), one has 

⟨𝜉, 𝑓(𝑥2, 𝑦2, 𝜇2)⟩ + ⟨𝜉, 𝑓(𝑥1, 𝑦1 , 𝜇2)⟩ − ⟨𝜉, 𝑓(𝑥2, 𝑦2, 𝜇2)⟩ + 𝜀2 − 𝛿 ≥ 0. 

By (iii), we get 

|⟨𝜉, 𝑓(𝑥1, 𝑦1, 𝜇2)⟩ − ⟨𝜉, 𝑓(𝑥2, 𝑦2, 𝜇2)⟩| 

 ≤ 𝑙1∥∥𝑥1 − 𝑥2∥∥𝛼1 + 𝑙2∥∥𝑦1 − 𝑦2∥∥𝛼2

 ≤ 𝑙1𝑚𝛼1∥∥𝜆1 − 𝜆2∥∥𝛼𝛼1 + 𝑙2𝑚𝛼2∥∥𝜆1 − 𝜆2∥∥𝛼𝛼2

 ≤ 𝛿.

 

Therefore, ⟨𝜉, 𝑓(𝑥2, 𝑦2, 𝜇2)⟩ + 𝜀2 ≥ 0, that is, 𝑥2 ∈ 𝑆𝜉(𝜀2, 𝜆2, 𝜇2). 

Now, for each 𝑥0 ∈ 𝑆𝜉(𝜀2, 𝜆1, 𝜇2) and 𝑥1 ∈ 𝑆𝜉(𝜀2 − 𝛿, 𝜆1, 𝜇2), we have 

𝑑 (𝑥0, 𝑆𝜉(𝜀2, 𝜆2, 𝜇2)) ≤ ∥∥𝑥2 − 𝑥0∥∥ ≤ ∥∥𝑥2 − 𝑥1∥∥ + ∥∥𝑥1 − 𝑥0∥∥

 ≤ 𝑚∥∥𝜆1 − 𝜆2∥∥𝛼 + ∥∥𝑥1 − 𝑥0∥∥.
 

Because 𝑥1 is arbitrary, one gets 

𝑑 (𝑥0, 𝑆𝜉(𝜀2, 𝜆2, 𝜇2)) ≤ 𝑚∥∥𝜆1 − 𝜆2∥∥𝛼 + 𝑑 (𝑥0, 𝑆𝜉(𝜀2 − 𝛿, 𝜆1, 𝜇2)), 

which yields that 

ℋ∗ (𝑆𝜉(𝜀2, 𝜆1, 𝜇2), 𝑆𝜉(𝜀2, 𝜆2, 𝜇2)) 

≤ 𝑚∥∥𝜆1 − 𝜆2∥∥𝛼 + ℋ∗ (𝑆𝜉(𝜀2, 𝜆1, 𝜇2), 𝑆𝜉(𝜀2 − 𝛿, 𝜆1, 𝜇2)) 
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≤ 𝑚∥∥𝜆1 − 𝜆2∥∥𝛼 + ℋ (𝑆𝜉(𝜀2, 𝜆1, 𝜇2), 𝑆𝜉(𝜀2 − 𝛿, 𝜆1, 𝜇2)) 

≤ 𝑚∥∥𝜆1 − 𝜆2∥∥𝛼 + 𝜌(𝜀‾)−1|𝛿| 

≤ 𝑚∥∥𝜆1 − 𝜆2∥∥𝛼 + 𝜌(𝑙1𝑚𝛼1 + 𝑙2𝑚𝛼2)(𝜀‾)−1∥∥𝜆1 − 𝜆2∥∥𝛼3 

≤ (𝑚𝜀‾ + 𝜌(𝑙1𝑚𝛼1 + 𝑙2𝑚𝛼2))(𝜀‾)−1∥∥𝜆1 − 𝜆2∥∥𝛼3 . 

Case 2: 𝛿 > 𝜂. Then there is a natural number 𝑛 satisfying 
𝛿

𝑛
≤ 𝜂. Let ℙ′ be a partition of 

segment [𝜆1, 𝜆2] with 𝑛 + 1 nodes 𝑢1, 𝑢2, … , 𝑢𝑛+1 satisfying 𝑢1 = 𝜆1, 𝑢𝑛+1 =

𝜆2, ∥∥𝑢𝑖 − 𝑢𝑖+1∥∥ = 
∥∥𝜆1−𝜆2∥∥

𝑛
. Then 

∥∥𝑢𝑖 − 𝑢𝑖+1∥∥𝛼3 ≤
∥∥𝜆1−𝜆2∥∥

𝛼3

𝑛
≤

𝜂

𝑙1𝑚𝛼1+𝑙2𝑚𝛼2
, 

i.e., (𝑙1𝑚𝛼1 + 𝑙2𝑚𝛼2)∥∥𝑢𝑖 − 𝑢𝑖+1∥∥𝛼3 ≤ 𝜂. Applying Case 1, we get 

ℋ (𝑆𝜉(𝜀2, 𝜆1, 𝜇2), 𝑆𝜉(𝜀2, 𝜆2, 𝜇2)) 

 ≤ ∑  

𝑛

𝑖=1

 ℋ (𝑆𝜉(𝜀2, 𝑢𝑖 , 𝜇2), 𝑆𝜉(𝜀2, 𝑢𝑖+1, 𝜇2))

 ≤ 𝑛 (𝑚 +
𝜌(𝑙1𝑚𝛼1 + 𝑙2𝑚𝛼2)

𝜀‾
) ∥∥𝑢𝑖 − 𝑢𝑖+1∥∥𝛼3

 ≤ (𝑚 +
𝜌(𝑙1𝑚𝛼1 + 𝑙2𝑚𝛼2)

𝜀‾
) 𝑛1−𝛼3∥∥𝜆1 − 𝜆2∥∥𝛼3

∶= 𝑘3∥∥𝜆1 − 𝜆2∥∥𝛼3 .

 

Step 4. Combining the results of the preceding three steps, we obtain 

ℋ (𝑆𝜉(𝜀1, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2, 𝜆2, 𝜇2)) 

≤ ℋ (𝑆𝜉(𝜀1, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2, 𝜆1, 𝜇1))

 +ℋ (𝑆𝜉(𝜀2, 𝜆1, 𝜇1), 𝑆𝜉(𝜀2, 𝜆1, 𝜇2))

 +ℋ (𝑆𝜉(𝜀2, 𝜆1, 𝜇2), 𝑆𝜉(𝜀2, 𝜆2, 𝜇2))

≤ 𝑘1|𝜀1 − 𝜀2| + 𝑘2∥∥𝜇1 − 𝜇2∥∥𝛽 + 𝑘3∥∥𝜆1 − 𝜆2∥∥𝛼𝛿 ,

 

which finishes the proof. □ 

 

We now state a result on Hölder continuity of the map 𝑆. 

Theorem 3.2. Assume that the existence of solutions and (i), (ii), (iii) are as in Theorem 3.1. 

Assume further that 

(iv) For 𝑥 ∈ 𝐾(𝑈) and 𝜇 ∈ 𝑀, the map 𝑦 ↦ 𝑓(𝑥, 𝑦, 𝜇) is 𝐶-convexlike on 𝐾(𝛬). 

Then, for any 𝜀‾ > 0, there exist open neighborhoods 𝑁′(𝜆0) of 𝜆0 and 𝑁′(𝜇0) of 𝜇0 such that 

the mapping 𝑆 is Hölder continuous on [𝜀‾, +∞) × 𝑁′(𝜆0) × 𝑁′(𝜇0), i.e., 

ℋ(𝑆(𝜀1, 𝜆1, 𝜇1), 𝑆(𝜀2, 𝜆2, 𝜇2)) ≤ 𝑘1|𝜀1 − 𝜀2| + 𝑘2∥∥𝜇1 − 𝜇2∥∥𝛽 + 𝑘3∥∥𝜆1 − 𝜆2∥∥𝛼𝛿 , 
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whenever (𝜀𝑖, 𝜆𝑖 , 𝜇𝑖) ∈ [𝜀‾, +∞) × 𝑁′(𝜆0) × 𝑁′(𝜇0), 𝑖 = 1,2 and 𝑘1, 𝑘2, 𝑘3 are positive and 

depend on 𝜀‾, 𝑚, 𝛼, ℎ, 𝛽, etc. 

Proof. We see that 𝐵𝑒
∗ is a weak* compact set and in the Theorem 3.1, the system of {𝑁(𝜉‾)}𝜉‾ ∈𝐵𝜀

∗  

is an open covering of 𝐵𝑒
∗. Therefore, there is a finite number of points 𝜉𝑖 ∈ 𝐵𝑒

∗(𝑖 = 1, … , 𝑛) such 

that 

𝐵𝑒
∗ ⊂ ⋃  

𝑛

𝑖=1

𝑁(𝜉𝑖). 

Then, for any 𝜉 ∈ 𝐵𝑒
∗, there exists 𝑖0 ∈ {1, … , 𝑛} such that 𝜉 ∈ 𝑁(𝜉𝑖0

). Let us put 𝑁′(𝜇0) =

⋂𝑖=1
𝑛  𝑁𝜉𝑖

(𝜇0) and 𝑁′(𝜆0) = ⋂𝑖=1
𝑛  𝑁𝜉𝑖

(𝜆0). Take arbitrarily (𝜆, 𝜇) ∈ 𝑁′(𝜆0) × 𝑁′(𝜇0), from the 

construction of the neighborhoods 𝑁′(𝜆0) and 𝑁′(𝜇0), we have (𝜆, 𝜇) ∈ 𝑁𝜉𝑖0
(𝜆0) × 𝑁𝜉𝑖0

(𝜇0). 

So, 𝑁′(𝜆0) and 𝑁′(𝜇0) are desired neighborhoods of 𝜆0 and 𝜇0, respectively. By (iv) and Lemma 

2.7, one has 

𝑆(𝜀, 𝜆, 𝜇) = ⋃  

𝜉∈𝐵𝜀
∗

𝑆𝜉(𝜀, 𝜆, 𝜇). 

For all (𝜆1, 𝜇1), (𝜆2, 𝜇2) ∈ 𝑁′(𝜆0) × 𝑁′(𝜇0), it is claimed that 

ℋ(𝑆(𝜀1, 𝜆1, 𝜇1), 𝑆(𝜀2, 𝜆2, 𝜇2)) ≤ 𝑘1|𝜀1 − 𝜀2| + 𝑘2∥∥𝜇1 − 𝜇2∥∥𝛽 + 𝑘3∥∥𝜆1 − 𝜆2∥∥𝛼𝛿 . 

Indeed, for each 𝑥1 ∈ 𝑆(𝜀1, 𝜆1, 𝜇1) = ⋃𝜉∈𝐵𝜀
∗  𝑆𝜉(𝜀1, 𝜆1, 𝜇1), there is 𝜉 ∈ 𝐵𝑒

∗ such that 𝑥1 ∈ 

𝑆𝜉̂(𝜀1, 𝜆1, 𝜇1). As 𝑆𝜉̂(𝜀2, 𝜆2, 𝜇2) ⊂ 𝑆(𝜀2, 𝜆2, 𝜇2) and applying Theorem 3.1, one has 

𝑑(𝑥1, 𝑆(𝜀2, 𝜆2, 𝜇2)) ≤ 𝑑 (𝑥1, 𝑆𝜉̃(𝜀2, 𝜆2, 𝜇2)) 

 ≤ ℋ∗ (𝑆𝜉̃(𝜀1, 𝜆1, 𝜇1), 𝑆𝜉̃(𝜀2, 𝜆2, 𝜇2)) 

≤ ℋ (𝑆𝜉̂(𝜀1, 𝜆1, 𝜇1), 𝑆𝜉̃(𝜀2, 𝜆2, 𝜇2)) 

≤ 𝑘1|𝜀1 − 𝜀2| + 𝑘2∥∥𝜇1 − 𝜇2∥∥𝛽 + 𝑘3∥∥𝜆1 − 𝜆2∥∥𝛼𝛿 . 

where 𝑘1, 𝑘2, 𝑘3 are positive and depend on 𝜀‾, 𝑙, 𝛼, ℎ, 𝛽, etc. 

Therefore, 

ℋ∗(𝑆(𝜀1, 𝜆1, 𝜇1), 𝑆(𝜀2, 𝜆2, 𝜇2)) ≤ 𝑘1|𝜀1 − 𝜀2| + 𝑘2∥∥𝜇1 − 𝜇2∥∥𝛽 + 𝑘3∥∥𝜆1 − 𝜆2∥∥𝛼𝛿 . 

By the same way, we also obtain 

ℋ∗(𝑆(𝜀2, 𝜆2, 𝜇2), 𝑆(𝜀1, 𝜆1, 𝜇1)) ≤ 𝑘1|𝜀1 − 𝜀2| + 𝑘2∥∥𝜇1 − 𝜇2∥∥𝛽 + 𝑘3∥∥𝜆1 − 𝜆2∥∥𝛼𝛿 . 

As a result, we have  

ℋ(𝑆(𝜀1, 𝜆1, 𝜇1), 𝑆(𝜀2, 𝜆2, 𝜇2)) ≤ 𝑘1|𝜀1 − 𝜀2| + 𝑘2∥∥𝜇1 − 𝜇2∥∥𝛽 + 𝑘3∥∥𝜆1 − 𝜆2∥∥𝛼𝛿 . 

Hence, the proof is complete. □ 

 

Remark 3.3. It is worth noting that in Theorem 3.2, we have relaxed the concavity in Theorem 

3.1 of13 and in Theorem 3.2 of 9 to the 𝐶-lower level quasiconcavity. 

The following example shows that Theorem 3.2 can be applicable but the results presented in9,13  

cannot. 
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Example 3.4. Let 𝐴 = 𝑋 = ℝ, 𝑌 = ℝ2, 𝐶 = ℝ+
2 , 𝑒 = (1,1) ∈ int𝐶, Λ = 𝑀 = [0,1], 𝐾(𝜆) = 

[−1,1] and 𝑓(𝑥, 𝑦, 𝜇) = (𝑥2 + 𝜇, 𝑥2 + 𝜇). Then all assumptions of Theorem 3.2 are satisfied. 

The approximate solution set is 𝑆(𝜇) = [−1,1], which is Hölder continuous. However, the 

results in9,13  do not work since the function 𝑓 is not concave in the first component. 

 

The following corollary is directly derived from Theorem 3.2. 

Corollary 3.5. Assume that 

(i) 𝐾 is m-Lipschitz continuous on 𝛬; 

(ii) for each 𝑦 ∈ 𝐾(𝛬) and 𝜇 ∈ 𝑀, (𝑥, 𝜀) ⟼ 𝑓(𝑥, 𝑦, 𝜇) + 𝜀𝑒 is C-lower level quasiconcave on 

𝐾(𝛬) × (0, +∞); 

(iii) 𝑓 is (𝑙1, 𝑙2, ℎ)-Lipschitz continuous on 𝐾(𝛬) × 𝐾(𝛬) × 𝑀; 

(iv) for 𝜇 ∈ 𝑀 and 𝑥 ∈ 𝐾(𝛬), 𝑦 ↦ 𝑓(𝑥, 𝑦, 𝜇) is 𝐶-convex-like on 𝐾(𝛬). 

Then, for any 𝜀‾ > 0, there exist open neighborhoods 𝑁′(𝜆0) of 𝜆0 and 𝑁′(𝜇0) of 𝜇0 such that 

the mapping 𝑆 is Lipschitz continuous on [𝜀‾, +∞) × 𝑁′(𝜆0) × 𝑁′(𝜇0), i.e., 

ℋ(𝑆(𝜀1, 𝜆1, 𝜇1), 𝑆(𝜀2, 𝜆2, 𝜇2)) ≤ 𝑘1|𝜀1 − 𝜀2| + 𝑘2∥∥𝜇1 − 𝜇2∥∥ + 𝑘3∥∥𝜆1 − 𝜆2∥∥, 

whenever (𝜀𝑖, 𝜆𝑖 , 𝜇𝑖) ∈ [𝜀‾, +∞) × 𝑁′(𝜆0) × 𝑁′(𝜇0), 𝑖 = 1,2 and 𝑘1, 𝑘2, 𝑘3 are positive and 

depend on 𝜀‾, 𝑚, ℎ, 𝑙1, 𝑙2, etc. 

In the case of 𝐾(𝜆): = 𝐾 for all 𝜆, by using the same technique as that of Theorem 3.2, we also 

obtain the following result. 

Corollary 3.6. For (WEP), where 𝐾(𝜆) ≡ 𝐾. Suppose that 𝑆(𝜀, 𝜇) is nonempty in a 

neighborhood of the considered point (𝜀0, 𝜇0). Assume further that 

(i) For each 𝑦 ∈ 𝐾 and 𝜇 ∈ 𝑀, (𝑥, 𝜀) ⟼ 𝑓(𝑥, 𝑦, 𝜇) + 𝜀𝑒 is 𝐶-lower level quasiconcave on 

𝐾 × (0, +∞); 

(ii) for each 𝑥, 𝑦 ∈ 𝐾, 𝜇 ↦ 𝑓(𝑥, 𝑦, 𝜇) is h-Lipschitz continuous on 𝑀; 

(iii) for 𝜇 ∈ 𝑀 and 𝑥 ∈ 𝐾, 𝑦 ↦ 𝑓(𝑥, 𝑦, 𝜇) is 𝐶-convex-like on 𝐾. 

Then, for any 𝜀‾ > 0, there exist open neighborhood 𝑁′(𝜇0) of 𝜇0 such that the approximate 

solution mapping 𝑆 is Lipschitz continuous on [𝜀‾, +∞) × 𝑁′(𝜇0), i.e., 

ℋ(𝑆(𝜀1, 𝜇1), 𝑆(𝜀2, 𝜇2)) ≤ 𝑘1|𝜀1 − 𝜀2| + 𝑘2∥∥𝜇1 − 𝜇2∥∥, 

whenever (𝜀𝑖, 𝜇𝑖) ∈ [𝜀‾, +∞) × 𝑁′(𝜇0), 𝑖 = 1,2 and 𝑘1, 𝑘2 are positive, depend on 𝜀‾, ℎ. 

 

If 𝑌 = ℝ, 𝐶 = ℝ+, 𝑒 = 1, then Corollary 3.6 reduces a special result as follows. 

Corollary 3.7. For (WEP), where 𝐾(𝜆) ≡ 𝐾, 𝑌 = ℝ, 𝐶 = ℝ+, 𝑒 = 1. Suppose that 𝑆(𝜀, 𝜇) is 

nonempty in a neighborhood of the considered point (𝜀0, 𝜇0). Furthermore, assume that the 

following conditions hold. 

(i) For each 𝑦 ∈ 𝐾 and 𝜇 ∈ 𝑀, (𝑥, 𝜀) ⟼ 𝑓(𝑥, 𝑦, 𝜇) + 𝜀𝑒 is ℝ+-lower level quasiconcave on 

𝐾 × (0, +∞) 

(ii) for each 𝑥, 𝑦 ∈ 𝐾, 𝜇 ↦ 𝑓(𝑥, 𝑦,⋅) is h-Lipschitz continuous on 𝑀. 

Then, for any 𝜀‾ > 0, there exist open neighborhood 𝑁′(𝜇0) of 𝜇0 such that the approximate 

solution mapping 𝑆 is Lipschitz continuous on [𝜀‾, +∞) × 𝑁′(𝜇0), i.e., 

ℋ(𝑆(𝜀1, 𝜇1), 𝑆(𝜀2, 𝜇2)) ≤ 𝑘1|𝜀1 − 𝜀2| + 𝑘2∥∥𝜇1 − 𝜇2∥∥, 

whenever (𝜀𝑖, 𝜇𝑖) ∈ [𝜀‾, +∞) × 𝑁′(𝜇0), 𝑖 = 1,2 and 𝑘1, 𝑘2 are positive and depend on 𝜀‾, ℎ. 
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Remark 3.8. For this special case, (WEP) in Corollary 3.7 reduces to (PSEP) considered in25. In 

this case, Corollary 3.7 is an improvement of [25, Theorem 2.3]. To be more precise, the upper 

semicontinuity of 𝑓 in the first component is not necessary and the concavity of 𝑓 in the third 

component has been replaced by the ℝ+-lower level quasiconcavity of 𝑓. 
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TÓM TẮT
Ổn định là một chủ đề cơ bản và quan trọng trong lý thuyết tối ưu. Mục tiêu chính của lĩnh vực
này là nghiên cứu sự thay đổi của nghiệm đối với các bài toán khi dữ liệu của bài toán có những
thay đổi nhỏ. Do đó, tính ổn định đối với các bài toán liên quan đến tối ưu hóa mang ý nghĩa cả về
lý thuyết lẫn thực tiễn, và được xem như một công cụ hữu ích trong phân tích hậu tối ưu. Thông
thường, ổn định có thể được hiểu theo hai cách: (1) cách thứ nhất liên quan đến tính nửa liên tục
trên, nửa liên tục dưới và tính liên tục của ánh xạ nghiệm đối với các bài toán tham số, được gọi là
ổn định định tính; (2) cách thứ hai bao gồm tính liên tục Hölder/Lipschitz của ánh xạ nghiệm của
các bài toán, được gọi là ổn định định lượng. Đối với các bài toán tham số mà tham số bị nhiễu
trong không gian tham số, nhiều nhà nghiên cứu đã thiết lập các điều kiện ổn định khác nhau, dựa
trên tính liên tục của các ánh xạ mục tiêu và ánh xạ ràng buộc, cùng với các tính chất lồi và đơn
điệu của chúng. Trong bài báo này, chúng tôi nghiên cứu các bài toán cân bằng vectơ tham số
trong không gian định chuẩn và hướng tới việc cải thiệnmột số kết quả gần đây. Để đạt được điều
này, trước tiên chúng tôi giới thiệu một khái niệmmở rộng của tính tựa lồi theo nón, cụ thể là tính
tựa lồi mức dưới theo nón. Đồng thời, chúng tôi khảo sát các điều kiện cần và đủ tương ứng. Một
ví dụ được đưa ra để minh họa rằng điều kiện mới này yếu hơn điều kiện tính tựa lồi theo nón. Sau
đó, chúng tôi sử dụng điều kiện mới này cùng với các tính chất Hölder của ánh xạ ràng buộc và
ánh xạ mục tiêu để thiết lập các điều kiện đủ cho tính ổn định theo nghĩa liên tục Hölder của ánh
xạ nghiệm đối với các bài toán đang xét, thông qua phương pháp tuyến tính hóa vô hướng. Một
trường hợp đặc biệt của bài toán đang xét cũng được thảo luận. Các kết quả trong bài báo này cải
thiện và mở rộng các kết quả hiện có trong tài liệu trước đây.
Từ khoá: Vector equilibrium problem, Hölder continuity, parametric problem, approximate
solution
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