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ABSTRACT

It is known that stability is a fundamental and important topic in optimization theory. The main
objective of this field is to study of behavior of solutions to parametric problems when the data
of the problems undergoes small changes. Therefore, stability for optimization-related problems
holds both theoretical and practical significance, which has been used as a useful tool in post-
optimal analysis. As usual, the stability can be understood in two ways: the first involves the upper
and lower semicontinuity and the continuity of solution maps to parametric problems, referred to
as qualitative stability; the second encompasses the Holder/Lipschitz continuity of solution maps
of the problems, termed quantitative stability. For parametric problems with the parameters per-
turbed in spaces of parameters, several researchers have established various types of stability con-
ditions, drawing on the continuity properties of objective maps and constrained maps, along with
their convexity and monotonicity properties. In this paper, we are concerned with parametric vec-
tor equilibrium problems in normed spaces and aim at to improve some recent results. To achieve
this, we first introduce a relaxed concept of cone-quasiconcavity, specifically the cone-lower level
quasiconcavity. Also, necessary and sufficient conditions are investigated. We provide an example
to illustrate that this new condition is strictly weaker than the cone-quasiconcavity. After that, we
employ this new condition together with Holder properties of the constrained map and the ob-
jective map to establish sufficient conditions for the stability in the sense of Holder continuity of
solution maps for the reference problems via the linear scalarization method. A special case of the
reference problems is also discussed. Our results in this paper represent improvements over the
existing ones in the literature.

Key words: Vector equilibrium problem, Holder continuity, parametric problem, approximate
solution

INTRODUCTION

The so-called equilibrium problem, in the sense of'72%?7  is a common formulation for describing
various problems arising in different fields of mathematics. It encompasses several important
problems such as the optimization problem, the variational inequality problem, the fixed-point
and coincidence problems, Nash equilibrium problem, and more, see e.g., ' 22, There are a lot of
works devoted to existence conditions for this problem and its extensions, see e.g.,*3 6 7. 18.21,28
and the references therein. Stability analysis of solutions, including (semi)continuity in the sense
of Berge and Hausdorff, as well as in the sense of Holder/Lipschitz, also serves as a motivation
for many researchers, see e.g.,* > 8 10-12.14,15, 19,26, 29,30

Observe that most of the previous results on the Hélder/Lipschitz continuity of the solution maps
impose assumptions related to strong monotonicity/convexity conditions. As a consequence, the
solution set of the problem is a singleton in the neighborhood of the reference point. It is known
that the solution map is set-valued in general. Therefore, many attempts have been made to
overcome this drawback. In?% 4, assumptions involving to the solution set are imposed on the
data; however, these assumptions are difficult to verify due to the unknown solution set. In® %3,
verifiable conditions are utilized, and the Holder continuity for approximate solution maps are
obtained in the case of non-unique solutions.

The aim of this paper is to investigate the Holder continuity of the approximate solution map to
a parametric vector equilibrium problem, which improves upon the results presented in® 25, To
be more precise, we demonstrate that the conditions established in® ** 2 can be relaxed to the
weaker ones. Additionally, we provide comprehensive proofs of the main results presented in
the aforementioned papers.

Cite this article : Dai L X, Duy T Q, Tam T N. Holder stability for parametric vector equilibrium prob-
lems. VNUHCM J. Eng. Technol. 2026; 9(3): 3326-3338.

3326


https://crossmark.crossref.org/dialog/?doi=https://doi.org/10.32508/vnuhcmj-et.v9i3.1310&domain=pdf&date_stamp=26-09-18

VNUHCM Journal of Engineering and Technology 2026, 9(3): 3326-3338

The remainder of this paper is organized as follows. Section 2, we state the parametric vector
equilibrium problem and recall some concepts needed in what follows. Section 3 is dedicated to
establishing sufficient conditions for the Holder continuity of the approximate solution map
under milder assumptions.

PRELIMINARIES
Throughout this paper, we use [I-]l for the norm in any normed space. d(x, A) is the distance
from x to subset A. For a normed space X, X* is the topological dual space of X and (-,-) is the
duality pairing. R, is the set of nonnegative real numbers. B(x, r) denotes the closed ball of
radius r = 0 centered at x. int A stands for the interior of A. The diameter of A4 is

diamA: = sup, yreqllx — x"I.
For A, B c X, the Hausdorff distance between A and B is defined by

H (4, B) = max{}"* (4, B), H* (B, A)},

where

H*(A,B) = supgead(a, B),
and

d(x,A) = inf,cd(x,y).
From now on, unless otherwise stated, let X, Y, A, and M be normed spaces. A € X is a nonempty
subset, C c Y isa pointed closed convex cone with nonempty interior (intC # @). The set-valued
map K: A 3 A has nonempty bounded convex values and f: A x A x M — Y is a vector-valued
map. For each (4,u) € AXx M, the parametric vector equilibrium problem under our
consideration is as follows:
(WEP): Find x € K(4) such that
f(x,y,u) € —intC,Vy € K(2).

For every (g,4,u) € R, X AX M and e € intC, we denote the e-approximate solution set of
(WEP) at (g, 4, 1) by

S, An):={x e KQA):f(x,y,u) + ce & —intC,Vy € K(1)}.
We denote the dual cone of C by
C:={,eY"(y)=0VyeEC}

Then, the set B;: = {¢ € C*: (§,e) = 1} is a weak™ compact base of C*. For every ¢ € B, the
&-approximate solution set of (WEP) is denoted by

Se(e, 4, 1):={x EKQ): (&, f(x,y,u)) + € =0,Vy € K(A)}.

Now, we recall some notions needed in what follows.

Definition 2.1.

(@ Amap f: X — Y is said to be C-l.a-Hélder continuous with respect to (wrt, shortly) e at
X, € X, if there is a neighborhood V of x, such that, for all x;,x, € V,

f(xl) _f(xZ) + l"xl - lelae eC.

(b) Amap f: X x X - Y is said to be C-(l;. a4, l,. a,)-Holder continuous wrt e at (x,, y,) if
there exists a neighborhood N; x N, of (x,, y,) such that for all (x;,y,), (x5, y,) € N; X Ny,
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[, y1) = fx,¥2) + (il — %01 + Llly, —y,1?) e €C.

(c)Amap f: XXX xX - Yissaidtobe C - (l;.a4,1,.a;, 5. az)-Holder continuous wrt e at
(x0, Yo, 2o) if there exists a neighborhood N; x N, x N5 of (x,, v,, z) such that, for all
(x1,¥1,21), (x2,¥2,22) € Ny X N X N3,

1, ¥1,21) — (X2, Y2, 2) + [l — 210+ Ly — y2 1172 + I3llz — 2,11%%]e € C.

(d) A set-valued map K: A 3 A is said to be [.a-Holder continuous at A, € A if there isa
neighborhood U of A, such that, for all 1;,4, € U,

K(4,) € K1) + U4, — 2,19B(0,1).

Definition 2.2. Let f: X — Y be a vector-valued map and Q be a convex subset of X. It is said
that
(a) f is C-concave on Q if for any x;,x, € Qand t € [0,1],

fltx, + (1 —)xp) €tf(x) + (1 — O)f (xp) + C.

(b) f is C-quasiconcave on Q if for any x;,x, € Q and t € [0,1], either

ftx + (A =1t)x;) € f(x1) +C,

or
fx; + (1 —t)xz) € fx2) +C.

(c) f is C-convexlike on Q (Q is not necessarily convex) if for any x,,x, € Qand t € [0,1],
there exists x; € Q suchthat tf(x;) + (1 —t)f(x,) € f(x3) + C.

We now propose a generalized concept related to the quasiconcavity.
Definition 2.3. The map f: X — Y is said to be C-lower level quasiconcave on Q if for any
X1,%, € Q,t € [0,1] with f(tx; + (1 — t)x,) € —intC, either f(x;) € —intC or f(x,) €
—intC.

It is easy to see that f is C-quasiconcave on , then it is C-lower level quasiconcave on Q. We
now provide an equivalent condition to the C-lower level quasiconcavity.

Lemma 2.4. The map f: X — Y is C-lower level quasiconcave on 2 if and only if the set L: =
{x € N: f(x) € Y\ —intC} is convex.

Proof.

[=]Letxy,x, €L, then f(x;) €Y\ —intC and f(x,) € Y \ —intC. Suppose that

f(tx; + (1 —t)x,) € Y\ —intC with ¢t € [0,1], i.e., f(tx; + (1 — t)x,) € —intC, implying
that either f(x;) € —intC or f(x,) € —intC. This is a contradiction. Therefore,

f(tx; + (1 —t)x,) €Y\ —intC, and hence tx; + (1 — t)x, € L, which yields that L is
CONvex.

[<] Suppose that f is C-lower level quasiconcave on Q. Suppose that there are x;,x, € Q,t €
[0,1] with f(tx, + (1 — t)x,) € —intC but f(x,), f(x,) € Y \ —intC, i.e., x;,x; € L. Hence,
tx; + (1 — t)x, € L, which yields that f (tx; + (1 —t)x,) € Y \ —intC. This is impossible. o

The following example shows that the C-lower level quasiconcavity is strictly weaker than the
C-quasiconcavity.

Example 2.5. Let X = R,Y = R%,C = R%,Q = [-1,1] and f(x) = (x2,x2). It easy to see that

{fx € Q: (x?,x2) e Y\ —intC} = [-1,1] is convex, implying that f is C-lower level
guasiconcave on Q. However, f is not C-quasiconcave on Q. To see this, take x; = —1,x, =1
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andt = % onehas f(x;) = f(x;) = (1,1) and f(tx; + (1 — t)x;) = £(0) = (0,0). Obviously,
f(xo) & f(x;) + RS and f(x,) € f(x;) + RS,

Lemma 2.6. Foreach ¢ € B;,y € K(A) and u € M, if the map(x,&) » f(x,y, 1) + €eis C-
lower level quasiconcave on A = K(A) X (0, +o0), then the following set is convex:

L:={(x,&) € A: (&, f(x,y, 1))+ =0}

Proof. Take any (x;, &1), (x5, &) € L, t € [0,1] and let (x;, &.): = (tx; + (1 — t)x,, te; +
(1 — t)e,). Suppose that for each ¢ € B,

<€;f(xt;y;,u)) +gt < 0

then one has f (x;, y,u) + €,e € —intC. Therefore, either f(x,,y, 1) + €, € —int C or
f(xy, v, 1) + g,e € —int C, which yields that either (¢, f(x,)) + & < 0or (&, f(x,)) +& <0,
a contradiction as (x4, &), (x,,&,) € £L. O

Lemma 2.7. (See [9]) Foreach A € A,x € K(A) and u € M, if the mapping y — f(x,y, 1) is
C-convexlike on K(4), then

S(e, A, u) = U Se(e, A, ).

§eB;

HOLDER CONTINUITY OF APPROXIMATE SOLUTION MAPS

In this section, we begin with establishing adequate conditions for ensuring the Holder
continuity of the &-approximate solution maps. Applying this result with suitable techniques,
sufficient conditions for the Holder property of the approximate solution maps are established.

Theorem 3.1. For (WEP), assume that for each ¢ € B;, the £-approximate solutions exist in a
neighborhood of the considered point (4, o) € A X M. Assume further that

(i) K is m.a-Hdélder continuous on 4;

(ii) foreach y € K(A) and u € M, (x,€) — f(x,y,u) + e is C-lower level quasiconcave on
K(A) x (0, 40).

(iii) fis (1. aq, 1. a5, h. B)-Hblder continuous on K (A) x K(A) X M.

Then, for any £ > 0 and ¢ € B;, there exist open neighborhoods N () of £, N¢(4,) of 4, and
Ng(uo) of o such that the mapping Sg is Holder continuous on [£, +0) X Ng(4o) X Ng(po),
ie.,

H (55(51,11, H1),5§(€2;/12:.U2)) <lyley — &5] + kallug — ol + kslldy — 4,17,

where & € N(£), (&, A;, 4;) € [€,+0) X Ng(A9) X Ng(uo), i = 1,2 and ky, k,, k5 are positive
and depend on &, m, @, h, 3, etc.

Proof. Let £ € B; and N(§) X Ng(4o) X Ng(uo) € BZ x U x V be open, where U and V are
neighborhoods of 4, and p,, respectively. Let (&1, 44, 1), (€2, A2, p12) € [€,+00) X Ng(4,) X
Nz(uo) be arbitrarily given. Without loss of generality, we always assume that £; < ¢,. For the
sake of convenience, the proof is divided into three steps.

Step 1. We estimate for H (55(81,11,ﬂl),Sg(Ez,ll,Hl)) where 0 < &; < &, and & € N(§).
Let

p: = diamK (1,) + 2m(diam(U))%,

we first show that for all (1, u) €e U xV and ¢ € B,
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H (Se(er, ), Sele2, ) < pesles = ol

Obviously, Sg(e1,4, 1) € S¢ (&2, A, ). Therefore,

H* (Sf(sl,/l, W), Sg (&2, 4, u)) =0.

Take any x, € Sg(ez, 4, 1) and x, € S¢(0, 4, u), by the convexity of K(4), we have that
£185 %, + (&5 — £1)€5 %9 € K (D).

Forall y € K(4), we have

<€'f(x0!yuu')) 2 0 and <'S!f(x2!y!#) + 82 2 0:

(x0,0), (x5, &,) € L,
where
L:={(x,e) € K(A) X (0,+): (&, f(x,y,))) + £ = 0,Vy € K(D)}.
By Lemma 2.6, one gets
(€185 %, + (&, — £1)8; " X0, €165 165 + (8, — £1)€510) € L,
which implies
(€, f(e15" %, + (g2 — €1)€5 " %0, y, 1)) + £, 2 0.
Thus, we get x;: = & &5 %, + (6, — £)€5 1% € S¢(e1, 4, 11). Then,

llox, — x4l = 52_1|51 =&l Il x; —x Il.

We see that K(1) € K(1,) + mB(0, 12 — A,11) for all A € U and hence diam K (1) < p.
Therefore, llx, — x; 1l < pe;tle; — &,|, and we get the following estimate:

7 (Sg(ea 2,10, S¢ (61,2, 1)) < peiley — &5
Consequently,
H (Sf(gli 4, .u)! 55(82, 4, ,Ll)) = pgz_llgl - 82'-

This together with the fact &, € [&, +00) implies that
H (55(51' A1, 1), Sg (&2, 44, H1)>

< p(&)7 e — & = kyleg — &,
where k; = p(&)~ L.

Step 2. We estimate for H (55(62,11,Hl),Sg(‘?z,/h,uz)) where & < &, 4; € N¢(40),§ €

N(&) and py, p, € Ng(uo) With py # p,. First, for each x,y € K(U) and py, , € Ng(uo), by
(iii), we have

FOoy, ) = FO,y, 1) + hllpy — oliPe € C.
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Then, for each & € N (),

|(f,f(X,y, ”1)) - ({,f(x, y'.u2)>| < h"ﬂl - MZ"B

Now, we divide Step 2 into two cases.

Case 1: hllu; — )P < e,. Letr = hllu, — p,lIP, then 0 < r < &,. We claim that
Se(ez — 1,21, 1) © Sg(&, Ay, U2).
Indeed, let X € Sg(e; — 7,44, 144). Then, forall y € K(4,),

Cf Gy 1)) + (€ f Ty, 1)) = (6, f (X, 1)) + €2 =7 2 0.

Consequently, (¢, f (X, y, 1)) + &, = 0 forall y € K(4,), i.e., X € Sg(e5, A1, 112). Hence, using

the result of Step 1, we arrive at:

H” (55(52: A lg), Se(e2, A, llz))
SH” (55(521 Ay, ), 55(52 - /11,111))

SH® (55(521/11:111),55(52 - /11,111))

As a result,

H” (55(52» A1, 1), Sg (€2, 44, .Uz)) < pre;t

< ph(&) i — ualP.

With the same arguments, we get

7 (Se(e2 Ay, 1), S (€2, 20, 1) ) < ph(&) My — a1,

Therefore,

T (SeCezr A 1), S (2, A1, 112) ) < PR(E) M lty = ol

Case 2: hllu, — u,llf > €,. Let p; = diam V. Then, there exists a natural number n such that

n

lv; = vl =

Then, we have

Iv; = vyl = (b2

Hence, using the result of Case 1, one gets

3 (SeCeas A, ), Se (22020, 112))

R

1/B
£ < (%) cLet Ppi={v; = uy, vy, ...,y = U} be a partition of segment [y, u,] such that
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n

< Z 7'[(55(52'11‘ v;), S{(Ez'/lpviﬂ))

i=1

n
<Pk ) i = vl

i=1
< np; () iy — poll?
i= kol — pallP.

Step 3. Let g, € [§,+),u, € Vand 4,1, € U', where U’ c U is a neighborhood of 1, with
diam U’ < % We provide an estimation for H (S;(sz,/ll,yz),Sf(ez,lz,uz)) with 4, # 1,.
Putting

and
8:= (Lm* + [,m*)||A, — 2, 1%
where a5: = min{a, aa,, aa,}, we have also two cases.

Casel: 6 <7n.Thene, — 6 = &, —n = & Forall x; € Sz(e; — 6,44, 13), then x; € K(4;) and
flx,y,u,) +&,—6 =0fForall y € K(4,). By (i), there exists x, € K(4,) such that

lxy — x311 < mllA; — Azlla-

For each y, € K(4,), also by (i), there is y; € K(4,) satisfying lly; — v, Il < mlid; — A,11%.
Since y, € K(1,), one has

(& f(x2,y2,12)) + &, f(xy, y1,12)) — (€, f (X2, Y2, 1)) + &, — 6 = 0.
By (iii), we get
|<f:f(x1:yp#2)> - (f:f(xz:ypllz)ﬂ

< Llxy = %10 + Ly, — v, 112
< llma1”/11 - /12 "aa1 + lzmaz "11 - Azllaaz
<.

Therefore, (&, f (x2, V2, Uz)) + €5 = 0, that is, x, € Sz (&3, 42, ).
Now, for each x, € Sz (&5, 44, 142) and x; € Sg (&, — &, A4, u5), We have

d (xo,sf(gz,lzr.uz)) < Nz = xoll < llxz — x4 ll + llxy — xoll
<mlldy — 0% + llxg — x,ll.

Because x is arbitrary, one gets

d (o, Se(e2 A2 12)) < mllAy = 21 + d (o, Se (e = 8,41, 2)),

which yields that
H* (55(52'11, Hz),sf(gz, /12,#2))

< mildy = Al + 3 (8¢ (20 Aa, 112), S5 (22 — 8,20, 12))
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Smidy = 1% + 3 (55(52:/11,#2):55(52 -6, Al:#z))

< mldy = 0% + p(8) 75|
<mldy, = 1% + p(lym® + Lm®) (&)~ A, — A,[1%

< (m&+ p(lym™ + 1,m*)) (&) 7 IA, — 2,11

Case 2: § > n. Then there is a natural number n satisfying % < 7. Let P’ be a partition of

segment [A, A1,] with n + 1 nodes uy, u,, ..., Uy4q Satisfying u; = A4, Uy =

121 =221 lzll

Aoy g = Uyl = . Then

111 -2511%3 < n
n — lymY+l;me2’

lu; — w10 <
ie., (Lm& + L,m*?)|lu; — u;1 1% < 1. Applying Case 1, we get

H (55(521 A1, Uz), Se(€2, Az, .Uz))

n
< Z }[(Sf(gz»ui» “2)'55(82tui+1'ﬂ2))
i=

1
( p(lym* + I,m*2)
nym+

IA

3

< ,o(llm"‘1 + 1, m“2)>

a
) llu; — uipq I3

IA

—_ a
179312, — A,11%2

k3llid, — 2, II"’3

Step 4. Combining the results of the preceding three steps, we obtain
7'[(55(51'/11:111),55(52;/12,/12))

S IR R EICY W)
+3¢ (e (e A, 1), Se (22 A, 112) )

+H (55(52' A1 U2), 55(52; Az, .Uz))
< kyle — &l + kyllug — oll? + kalld, — 2,019,

which finishes the proof. o

We now state a result on Holder continuity of the map S.

Theorem 3.2. Assume that the existence of solutions and (i), (ii), (iii) are as in Theorem 3.1.
Assume further that

(iv) Forx e K(U) and u € M, themap y » f(x,y,u) is C-convexlike on K(A).

Then, for any € > 0, there exist open neighborhoods N'(1,) of A, and N'(u,) of u, such that
the mapping S is Holder continuous on [&, +00) X N'(4,) X N'(ug), i.e.,

:7'[(5(51' /11'#1).5(52,12,112)) < kileg — &l + kallpy — Hz"ﬁ + kslld; — /12”‘15'
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whenever (g;, A;, 4;) € [§,+0) X N'(Ay) X N'(up),i = 1,2 and k4, k,, k4 are positive and
depend on &, m, a, h, B8, etc.

Proof. We see that B; is a weak* compact set and in the Theorem 3.1, the system of {N (& Vzen:

is an open covering of B,. Therefore, there is a finite number of points &; € B; (i = 1, ...,n) such
that

B; LnJ N(&D).
i=1

Then, for any & € B;, there exists iy € {1,...,n} such that § € N(¢&; ). Let us put N'(i,) =
Nizq Ng, (o) and N'(49) = NiLy Ng,(4o). Take arbitrarily (4, 1) € N'(4,) X N'(,), from the
construction of the neighborhoods N'(4,) and N'(u,), we have (4, u) € Ne,, (Ap) % Ne,, (o).

So, N'(4,) and N'(u,) are desired neighborhoods of A, and u,, respectively. By (iv) and Lemma
2.7, one has

S(e, A1) = U Se (e, 2, ).

£€B;
For all (A4, 11), (A5, uz) € N'(4g) X N'(uy), it is claimed that
H(SCey, Ay, ta), S(e2, Az 1)) < kegley — &3l + kollpy — poll? + ksllAg — 2,01%°.

Indeed, for each x; € S(&y, A1, 1) = Ugep: Se(€1, A1, 1), there is & e B} such that x, €
Sg(sl,/ll,ul). As S;(SZ,AZ,HZ) C S(&,, A4, 4y) and applying Theorem 3.1, one has

d(x1:5(52:/12:l12)) <d (x1: 53(52'/12:#2))
SH” (53(51’/11'111)’53(52' /12’#2))

=H (53(51' A1, ), St (2,12, Ilz))

< kyley — &5l + kallpy — poll? + keslidy — 2,11%°.

where k4, k,, k5 are positive and depend on &, 1, a, h, 8, etc.
Therefore,

j'[*(5(51,&1» H1),5(€2;/12,.U2)) < kyley — &5] + kol — pall? + ksllA, — 12"0[6-
By the same way, we also obtain
}[*(5(52:/12;#2);5(51,11'/11)) < kyler — & + kalluy — #2”E + ks3lliA, — Azllas-

As aresult, we have
}[(5(51: A1, 1), 5(52’/12'/12)) < kileg — &l + kollpy — #2"5 + k3liA, — /12”“5-

Hence, the proof is complete. O

Remark 3.3. It is worth noting that in Theorem 3.2, we have relaxed the concavity in Theorem
3.1 of*® and in Theorem 3.2 of °to the C-lower level quasiconcavity.

The following example shows that Theorem 3.2 can be applicable but the results presented in®*2
cannot.
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Example3.4.LetA=X=R,Y =R%C =R%,e = (1,1) €intC,A=M = [0,1],K(}) =
[-1,1]and f(x,y, ) = (x% + u, x* + p). Then all assumptions of Theorem 3.2 are satisfied.
The approximate solution set is S(u) = [—1,1], which is Holder continuous. However, the
results in®*3 do not work since the function f is not concave in the first component.

The following corollary is directly derived from Theorem 3.2.

Corollary 3.5. Assume that

(i) K is m-Lipschitz continuous on A;

(ii) foreach y € K(A) and u € M, (x,¢) — f(x,y,u) + €e is C-lower level quasiconcave on
K(A) x (0, +0);

(iii) f is (13, 15, h)-Lipschitz continuous on K(A) X K(A) X M;

(iv)foru e Mand x € K(A),y » f(x,y,u) is C-convex-like on K(A).

Then, for any & > 0, there exist open neighborhoods N'(4,) of A4, and N'(u,) of p, such that
the mapping S is Lipschitz continuous on [&, +00) X N'(14) X N' (1), i.e.,

}[(5(51» /11:.111)»5(52'12;#2)) < kiler — &l + kallug — wall + k3llA — 441,

whenever (g;, A;, 4;) € [§,+0) X N'(Ay) X N'(ug),i = 1,2 and k4, k,, k5 are positive and
depend on &, m, h, 1, [,, etc.

In the case of K(4): = K for all A, by using the same technique as that of Theorem 3.2, we also
obtain the following result.

Corollary 3.6. For (WEP), where K (1) = K. Suppose that S(e, 1) is nonempty in a
neighborhood of the considered point (g, 1,). Assume further that

(i) Foreachy e Kand u € M, (x,€) — f(x,y,u) + e is C-lower level quasiconcave on
K x (0, +00);

(ii) foreach x,y € K, u = f(x,y, 1) is h-Lipschitz continuous on M;

(iiiyforye Mandx € K,y = f(x,y, ) is C-convex-like on K.

Then, for any £ > 0, there exist open neighborhood N'(u,) of iy such that the approximate
solution mapping S is Lipschitz continuous on [&, +) X N'(u,), i.e.,

7'[(5@1:#1)'5(52:#2)) < kiler — & + kalluy — wall,

whenever (g;, 1;) € [£,+90) X N'(uy),i = 1,2 and k4, k, are positive, depend on &, h.

IfY =R,C =R,,e =1, then Corollary 3.6 reduces a special result as follows.

Corollary 3.7. For (WEP), where K(1) = K,Y = R,C = R,,e = 1. Suppose that S(e, ) is
nonempty in a neighborhood of the considered point (g,, o). Furthermore, assume that the

following conditions hold.
(i) For each y € K and pu € M, (x,€) — f(x,y,u) + €e is R, -lower level quasiconcave on
K x (0, +o0)

(ii) for each x,y € K, u = f(x,y,") is h-Lipschitz continuous on M.

Then, for any € > 0, there exist open neighborhood N'(u,) of u, such that the approximate
solution mapping S is Lipschitz continuous on [&, +o) X N'(u,), i.€.,

7'[(5(51’111)'5(52:#2)) < kiler — & + kallug — woll,

whenever (g;, 1;) € [£,+90) X N'(uy),i = 1,2 and k4, k, are positive and depend on &, h.
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Remark 3.8. For this special case, (WEP) in Corollary 3.7 reduces to (PSEP) considered in%. In
this case, Corollary 3.7 is an improvement of [?°, Theorem 2.3]. To be more precise, the upper
semicontinuity of f in the first component is not necessary and the concavity of f in the third
component has been replaced by the R,.-lower level quasiconcavity of f.
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TOM TAT

On dinh la m6t cht dé co ban va quan trong trong ly thuyét téi uu. Muc tiéu chinh cta linh vuc
nay la nghién clu su thay déi ctia nghiém déi véi cac bai toan khi dir liéu ctia bai todn cé nhiing
thay d&i nhd. Do do, tinh 6n dinh déi vai cac bai todn lién quan dén téi uu hda mang y nghia ca vé
ly thuyét lan thuc tién, va dugc xem nhu mot cong cu hitu ich trong phan tich hau téi uu. Théng
thuding, 6n dinh c6 thé dugc hiéu theo hai cach: (1) cach thi nhat lién quan dén tinh ntia lién tuc
trén, nta lién tuc dudi va tinh lién tuc ctia anh xa nghiém déi véi cac bai toan tham s6, dugc goi la
én dinh dinh tinh; (2) cach thi hai bao gém tinh lién tuc Hélder/Lipschitz ctia anh xa nghiém clia
cac bai toan, dugc goi la 8n dinh dinh lugng. B&i vai cac bai toan tham s6 ma tham s6 bi nhiéu
trong khong gian tham sé, nhiéu nha nghién ctu da thiét 1ap cac diéu kién 8n dinh khac nhau, dua
trén tinh lién tuc clia cac dnh xa muc tiéu va anh xa rang budc, cling véi cac tinh chat 16i va don
diéu clia chiing. Trong bai bado nay, ching téi nghién cliu cac bai toan can bang vecto tham sé
trong khéng gian dinh chudn va hudng téi viec cai thién mét s6 két qua gan day. BE dat dugc diéu
nay, trudc tién ching toi gidi thiéu mot khai niém md réng clia tinh tua 16i theo nén, cu thé la tinh
tua 16i muc dudi theo nén. Bong thai, chiing téi khado sét cac diéu kién can va dl tuong ing. Mot
vi du dugc dua ra d@€ minh hoa réng diéu kién mdi nay yéu hon diéu kién tinh tua 16i theo nén. Sau
do, chung t6i st dung diéu kién mdi nay cung vdi cac tinh chat Holder clia anh xa rang budc va
anh xa muc tiéu dé thiét 1ap cac diéu kién da cho tinh én dinh theo nghta lién tuc Holder clia anh
xa nghiém déi vai cac bai toan dang xét, thong qua phuong phép tuyén tinh héa vé hudng. Mot
trudng hop dac biét clia bai todn dang xét cling dugc thao luan. Cac két qua trong bai bao nay cai
thién va m& rong cac két qua hién co trong tai liéu trudc day.

Tu khoa: Vector equilibrium problem, Hoélder continuity, parametric problem, approximate
solution

Trich dan bai bao nay: Dai L X, Duy T Q Tam T N. 6N BINH HOLDER CHO CAC BAI TOAN CAN BANG
VECTO THAM SO. VNUHCM J. Eng. Technol. 2026; 9(3): 3326-3338.
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