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ABSTRACT

This paper investigates the application of physics-informed neural networks (PINNs) to solve inverse
problems in solid mechanics. Traditional numerical methods, such as finite element method (FEM)
and isogeometric analysis (IGA), often require significant computational time, hindering their ap-
plicability in scenarios requiring rapid calculations. To overcome these challenges, PINNs offer a ro-
bust alternative by directly incorporating physical information—such as governing equations and
boundary conditions—into the neural network’s loss function, reducing the reliance on purely ex-
perimental data. This study specifically focuses on a two-dimensional linear elasticity plane-strain
problem defined on a unit square domain. The primary objective is to accurately determine the
spatial distribution of Young's modulus, alongside displacement and stress components, based on
established governing equations, boundary conditions, and sparsely measured data. To achieve
this, the proposed framework employs two distinct neural networks: the first (47 ) is designed to
predict displacements, while the second (.45 ) estimates Young's modulus. Both network archi-
tectures consist of four hidden layers containing 40 neurons each. The models were trained over
20,000 epochs, utilizing a dataset comprising displacements measured at 400 points and Young's
modulus measured at 9 points randomly distributed across the computational domain. The results
demonstrate a strong agreement between the PINNs predictions and the exact analytical solutions.
Although slight relative errors were observed at the boundaries where exact values approach zero,
the overall deviation remained acceptably small, at only around 10=3. These findings validate that
PINNs provide a highly effective tool that balances computational efficiency and error. While the
study highlights a current lack of neural network architecture optimization, systematically address-
ing this in future research will further enhance the model's speed and predictive accuracy for com-
plex mechanical systems.
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plane strain problem

INTRODUCTION

There are two primary types of problems in mechan-
ics: forward and inverse. Forward problems in-
volve determining the behavior of structures based
on known forces, boundary conditions, and material
properties. This type of problem is commonly applied
in structural design. Conversely, inverse problems
utilize observed structural behavior from experiments
to determine unknown values, such as material prop-
erties or distributions. Inverse problems, particularly
those related to material distribution, have significant
applications in diagnosing and monitoring infrastruc-
ture health.

Various methods have been developed to address in-
verse mechanical problems, including finite element
methods (FEM), isogeometric analysis (IGA), and ex-
perimental techniques. Several studies, such as those
by Nguyen-Thanh et al. !, have explored the appli-
cation of IGA and FEM to solve a wide range of solid

mechanics problems. These studies aim to leverage
the strengths of IGA and FEM in accurately represent-
ing complex geometries and analyzing the mechanical
behavior of solid structures. Through these numerical
methods, researchers have contributed substantially
to understanding and addressing challenges in solid
mechanics.

However, a notable disadvantage of these methods
is the significant computational time required. The
complexity of solid mechanics problems and the need
for detailed analysis of large-scale structures often
lead to lengthy computations. This limitation can
hinder their applicability in real-time scenarios or
cases requiring rapid calculations, particularly in dy-
namic phenomena. Researchers are actively inves-
tigating parallel computing, domain decomposition,
and reduced-order modeling to overcome this chal-
lenge. Additionally, hybrid approaches that combine
IGA or FEM with other methods are being developed
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to enable more efficient analysis of complex solid me-
chanics problems.

Deep learning has emerged as a promising approach
to solving inverse problems across various fields in re-
cent years. Artificial neural networks (ANNs) have
been widely adopted in engineering disciplines, in-
cluding material science, fluid mechanics, and in-
frastructure health monitoring. These ANNs, often
called "data-driven” models, are typically trained us-
ing data from experiments, numerical simulations, or
exact solutions. However, a particular class of ANNs
known as physics-informed neural networks (PINNs)
offers a different approach. Rather than relying solely
on data, PINNs incorporate physical information di-
rectly into the training process. The loss function
of PINNs integrates governing equations, initial and
boundary conditions, and other relevant constraints,
making the model aware of the underlying physics.
Several studies have explored the application of
PINNS in various solid mechanics problems, elastic-
ity imaging, and material identification. Haghighat
et al.” proposed a physics-informed deep learning
framework for inversion and surrogate modeling in
solid mechanics, leveraging PINNs to estimate mate-
rial properties and predict the behavior of solid ma-
terials based on measured data and physical laws.
Kamali et al.® utilized PINNs in elasticity imaging
to discover the spatial distribution of elastic mod-
ulus and Poisson’s ratio, achieving accurate and ef-
ficient material property estimation by integrating
physics-based constraints into the neural network ar-
chitecture. Zhang et al.” focused on nonhomoge-
neous material identification in elasticity imaging us-
ing PINNs, demonstrating the effectiveness of this ap-
proach in characterizing the spatial distribution of
material properties and identifying complex mate-
rial behavior. Chen and Gu® explored deep neu-
ral networks in learning hidden elasticity, showing
how PINNSs can capture complex nonlinear elastic be-
havior and uncover hidden patterns in material re-
sponses. In another study, Chen and Gu’ extended
the application of PINNs to various elasticity prob-
lems, including forward, inverse, and mixed prob-
lems, highlighting the versatility of PINNs in address-
ing a broad range of mechanical challenges and their
potential for efficient and accurate simulations.
These studies underscore the potential of PINNs in
solid mechanics and elasticity-related research. By in-
tegrating deep learning techniques with physical prin-
ciples, PINNSs provide a powerful tool for solving in-
verse problems, characterizing material behavior, and
predicting mechanical responses %17, Incorporating
PINNSs into mechanics opens new avenues for efficient

and accurate analysis, reducing reliance on traditional
experimental approaches.

This work focuses on applying PINNS to solve a spe-
cific problem: the 2D linear elasticity problem. The
objective is to determine displacements, stress com-
ponents, and Youngs modulus within the compu-
tational domain based on the governing equations,
boundary conditions, body forces, and displacements
measured at specific locations. By employing PINNs,
we aim to harness the power of deep learning, com-
bined with the inherent physics embedded in the gov-
erning equations, to estimate the desired quantities
accurately. The unique training approach of PINNs
allows for a more physics-aware model, potentially
offering improved solutions compared to traditional
data-driven ANN models.

THEORIES

Analytical solution

To demonstrate the application of PINNs, we con-
sider an elastic plane-strain problem defined on a unit
square, as depicted in Figure 1. The goal is to an-
alyze the behavior of the elastic material within this
unit square. To solve this problem using PINNs, we
must define the governing equation, boundary con-
ditions, and any other relevant constraints. The spe-
cific boundary conditions for this problem are shown
in Figure 1.

By applying the PINNs model to this problem, we aim
to predict the displacements, stress components, and
Young’s modulus within the unit square. The PINNs
model, trained using the governing equation, bound-
ary conditions, and additional constraints, will pro-
vide accurate estimates of these quantities.

The body forces are defined as:

E

Fp=—
z v2—1
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__E <4y37'cc0s(7rx) —n’sin (nz) (2c0s(z7‘t¢)2 — l))

2(v+1)

E (12?sin (n2) — 2vicos () sin (12))
= v2—1
En? (2cos (my) sin(2wz) +y*sin (1))
+
2(v+1)

The exact solution to this problem

z= 2nx)sin (wy),
w4 = cos( mlsm( y) 02)

wy =sin(nz)y
The governing equations:

Ty

+Fp =0,
(03)
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Figure 1: Problem setup andboundary conditions
(Source: Authors)

where G4, Oyy, Tzyare the stress components. F
and F, are, respectively, the body forces along the
and y axes.

Strain - stress relationships by Hooke’s Law:

1 0

G$$ E v €Z$

_ 1 0
Ow (= 1—2 ' 1—v &y (04)
Ty 0 0 2 Yay

where E is Young’s Modulus; v is a Poisson’s ratio and
€x2, €y, Yoy are strain components defined as

- du - duy
xTr — $7 yy — 7}77
ou % (05)
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where u, and u, are the displacement components
along the # and y axes, respectively.

In this case, the Poisson’s ratio v is 0.3, and Young’s
Modulus is given as

E:l—i—xz—i-y2 (06)

PINNs model

In this problem, two neural networks are employed to
address the task. The first neural network, denoted as
M, is used to predict displacement. As shown in Fig-
ure 2, 41 has an input layer with two neurons that re-
ceive the coordinate values within the computational
domain. This enables the network to capture the spa-
tial information necessary for displacement estima-
tion. The network is then constructed with four hid-
den layers containing 40 neurons, which help extract

and learn complex patterns and relationships from the
input data. Finally, .47 includes an output layer with
two neurons that provide the predicted displacement
values based on the learned patterns within the net-
work.

\
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A

Figure 2: The neural networkfor displacements
(1) (Source: Authors)

The second neural network, .45 , is employed to pre-
dict Young’s modulus in this problem. The architec-
ture of .45 is similar to that of .4] with a few key
differences. As illustrated in Figure 3, .45 begins
with an input layer of two neurons, which receive the
coordinate values within the computational domain.
These input neurons allow the network to incorpo-
rate spatial information into the prediction process.
Like .47, .#; also consists of four hidden layers, each
with 40 neurons. Nonetheless, unlike .4} the out-
put layer of .45 has a single neuron that provides the
predicted value of Young’s modulus. This model is
trained over 20,000 epochs. The stress components
are then computed from the predicted displacement
using Eqs. Equation (04) andEquation (05).

This model uses the activation function for the net-
work .#1and the softplus activation function for the
network .45. The optimization algorithm used for
this model is FMINCON from MATLAB.

IO
7 \y/'\y/ Vi

Figure 3: Neural network forYoung’s modulus (.43)
(Source: Authors)

The loss function of this model is defined as

L=Lgg +Lpc (07)
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where Lgg, Lep are loss components from the gov-
erning equation, boundary conditions. The govern-

ing equation loss, Lgg, is determined as Predicted x-displacement

2
90k, 0T, > /ot doy,
Lo | 2%22 L zy %% g
CGE <3x + dy e )+ 8z+ dy oy 08
Where 0., Oyy, T, are the predicted stress compo-

=

nents values calculated over the full domain.
The boundary condition loss, L, is defined as

Lo =X (fic,— foc) 09)

Where Npc is the number of control points on the
boundary, along with some points where the values

(displacement and Young’s modulus) are already mea-

sured. Exact x-displacement
In this context, we consider a computational domain

1]

and uy are, respectively, exhibited in Figure 4 and Fig- Figure 4: Result of , (Source: Authors)

with a grid of 100x100 points. The boundary con-
ditions are illustrated in Figure 1. Due to the multi-
modal nature of an inverse problem, we need addi-
tional displacement and Young’s modulus values at
several points to obtain accurate results. We mea-
sured displacement at 400 points and Young’s modu-
lus at 9 points. These points are distributed randomly

across the computational domain.

RESULTS

Results obtained for displacement components u,,

ure 6. In addition, comparisons for the stress compo-
nents are shown in Figures 8 and 10, and Figure 12.
Eventually, distributions of Young’s modulus are plot-
ted in Figure 14.

The error of displacement, stress components, and
Young’s Modulus (%) is illustrated in Figures 5,7, 9, 11
and 13 and Figure 15. In all the figures mentioned, the
good agreement between the neural network predic- Error of x-displacement
tions and the exact solutions is evident, i.e., the rela-
tive difference between the predicted and exact values
is acceptably small.

The error of the predicted results with the exact results
is defined as:

_ e = voreaial, (10)

llvexacr ||2
Where veyqer is the exact value of the problems from
Eqs. Equations (02), (03), (04), (05) and (06); v regict
is the predicted value from 2 neural networks .47 and
M.
The relative errors are slightly higher at the bound-

Figure 5: Error of . (Source: Authors)

ary values, especially where the displacement or stress
components are zero. This is because we are compar-
ing the predictions with analytical solutions. Since
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Predicted y-displacement
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Figure 6: Result of «, (Source: Authors)
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Figure 7: Error of «, (Source: Authors)

Predicted xx-stress component
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Exact xx-stress component

Figure 8: Result of 6., (Source: Authors)

Error of xx-stress component

Figure 9: Error of o,,,, (Source: Authors)
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Figure 10: Result of o, (Source: Authors)
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Figure 12: Result of 7, (Source: Authors)
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Figure 14: Result of Young's Modulus (Source: Au-
thors)
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Figure 15: Error of Young’s Modulus (Source: Au-
thors)

PINNs are an approximation method, the predicted
results will naturally have some error. The relative er-
ror can be more significant when the exact solution at
a prediction point is zero. However, even though the
relative errors at the boundaries are relatively high, the
results from the PINNs are still acceptable, with the
deviation between the predicted and exact values be-
ing only around This shows that, despite some limita-
tions, the overall performance of the PINNs remains
reliable for practical applications.

These results demonstrate that PINNs can achieve
performance close to the exact solutions, validating
their effectiveness as a computational tool in solid me-
chanics. Given the minor errors, PINNs can be con-
sidered reliable for predicting mechanical properties
and behaviors in various engineering applications, es-
pecially in scenarios where traditional methods may
be computationally expensive or infeasible. Thus, the
results illustrated that PINNG strike a balance between
computational efficiency and error, reinforcing their
potential as powerful tools for solving complex prob-
lems in engineering and applied mechanics.

CONCLUSIONS

This study demonstrates the application of physics-
informed neural networks (PINNs) for inverse anal-
ysis in mechanics, specifically within a unit-square
domain under plane-strain conditions. The problem
setup includes defined geometry, loading, boundary
conditions, and displacement measurements at spe-
cific locations. The critical challenge addressed is the
unknown distribution of Young’s modulus. To tackle
this, two neural networks are designed: one to pre-
dict displacements and the other to estimate Young’s
modulus. These networks are trained by minimiz-
ing a loss function incorporating the governing equa-
tions, boundary conditions, and the discrepancy be-
tween exact and predicted displacements. The error
of the PINNs approach is validated through the strong
agreement between the expected results and analytical
solutions for various quantities, including displace-
ments, stress components, and Young’s modulus. A
notable advantage of PINNG is their ability to han-
dle both forward and inverse analysis problems with a
unified approach. This capability opens new avenues
for solving inverse problems more effectively and ef-
ficiently, potentially transforming the field and en-
abling practical applications across various domains.
However, this study has shortcomings, including a
lack of optimization of the neural network architec-
ture. This limitation means the model may take longer
to train and may not fully realize its potential for accu-
rate predictions. The network might struggle to learn
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complex patterns effectively without a suitable archi-
tecture, leading to suboptimal performance. Conse-
quently, addressing this issue through systematic op-
timization of the neural network architecture could
enhance the model’s speed and accuracy, enabling
more efficient solutions to the problems under inves-
tigation. Future research should focus on fine-tuning
these architectural parameters to achieve better over-
all performance.
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TOM TAT

Bai bao nay nghién cu viéc &4p dung mang no-ron nhan tao két hap thong tin vat ly (PINNs) dé
gidi quyét cac bai todn ngugc trong co hoc vat rén. Cac phuong phép s6 truyén théng, chang han
nhu phuong phap phan ti hiu han (FEM) va phan tich d&ng hinh hoc (IGA), thudng doi hoi thoi
gian tinh toan dang ké, lam can tré kha ndng Ung dung clia ching trong cac tinh huéng yéu cau
tinh todn nhanh. D& vuat qua nhimg thach thic nay, PINNs cung cap mét gidi phap thay thé manh
mé bang cach tich hap truc ti€p thong tin vat ly - chdng han nhu cac phuong trinh chii dao va
diéu kién bién - vao ham méat mat ctia mang no-ron, giip gidm su phu thudc vao dit liéu thuan
thuc nghiém. Nghién ctru nay dac biét tap trung vao bai toan bién dang phang dan héi tuyén tinh
hai chiéu dugc xac dinh trén moét mién hinh vudng don vi. Muc tiéu chinh la xac dinh chinh xac
su phan bé trong khéng gian clia mé-dun Young, cling véi cac thanh phan chuyén vi va tng suét,
dua trén cac phuong trinh chd dao da thiét lap, diéu kién bién va cac dit liéu dugc do dac thua thot.
DE dat dugc diéu nay, hé théng dé xuat st dung hai mang no-ron riéng biét: mang th nhat (4]
) dugc thiét ké dé du doan cac chuyén vi, trong khi mang thi hai (45 ) uée lugng mo-dun Young.
Ca hai kién tric mang déu bao gém bén I6p dn, mbi I6p chia 40 no-ron. Cac mé hinh da duoc
huan luyén qua 20.000 Ian I3p, st dung tap dit liéu bao gém cac chuyén vi dugc do tai 400 diém
va mo-dun Young dugc do tai 9 diém phan b6 ngau nhién trén toan bd mién tinh toan. Cac két
qua chiing minh sy dong thuan cao gitta cac du doan ctia PINNs va cac nghiém giai tich chinh xac.
Mac du c6 quan sat thay nhing sai s6 tuong déi nhd & cac bién noi cac gia tri chinh xac tién gan
dén 0, d6 léch téng thé van & muc nhd chap nhan dugc, chi vao khodng 1073, Nhiing phét hién
nay xac nhan rang PINNs cung cap mot cong cu cuc ky hiéu qua, can bdng tét gilra hiéu sudt tinh
todn va sai s6. Mac du nghién ctiu chira su thiéu hut hién tai trong viéc téi uu héa kién triic mang
nad-ron, nhung viéc giai quyét van dé nay mot cach co hé théng trong cac nghién cdu tuong lai sé
nang cao hon nla téc dé va do chinh xac du doan clia mo hinh déi vai cac hé co hoc phtic tap.
T khoa: Mang no-ron nhan tao két hap thong tin vat ly, PINNs, cac bai todn ngugc trong ca hoc,
bai toan ngugc bién dang phéng
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