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ABSTRACT

In this paper, we focus on the study of weak vector quasi-equilibrium problems (WVQEPS) in finite-
dimensional vector spaces, which generalize various equilibrium models in vector optimization and
game theory. We begin by formulating the weak vector quasi-equilibrium problems and establish-
ing the foundational assumptions that ensure the well-posedness of such models. Our approach
integrates set-valued analysis and variational techniques to handle the vector-valued nature of the
problem.

Next, we introduce the notions of auxiliary solution sets associated with the WVQEPs. These sets
play a crucial role in analyzing the qualitative behavior of solution mappings. In particular, we de-
fine and explore a quasi-convexity condition on the objective functions, which generalizes classical
convexity and enables us to treat a broader class of problems where convexity may not hold. This
quasi-convexity condition is shown to be sufficient for ensuring certain continuity and convergence
properties of the solution sets.

Building on these developments, we investigate the Painlevé-Kuratowski lower convergence of the
solution sets corresponding to a sequence of WVQEPs defined by a sequence of continuous map-
pings. We establish conditions under which the solution sets exhibit lower semi-continuity and set
convergence, and we provide a rigorous mathematical framework for analyzing stability properties
of the equilibrium solutions under perturbations. These results contribute to the understanding of
how solution sets behave as the underlying functions change continuously.

To illustrate the theoretical findings, several examples are constructed, demonstrating the applica-
bility of our assumptions and the sharpness of our conclusions. The examples include cases that
are not covered by existing convexity-based results, emphasizing the novelty and generality of our
approach.

Our main results extend and differ from several well-known findings in the literature on vector
equilibrium problems. In particular, the use of quasi-convexity and auxiliary solution sets allows us
to bypass some restrictive conditions found in previous works, offering a new perspective on the
stability analysis of vector equilibrium problems. These contributions enrich the theory of vector
optimization and open new directions for future research in variational analysis and generalized
equilibria.

Key words: Weak quasi-equilibrium problems, Painlevé-Kuratowski upper (lower) convergence,
Painlevé-Kuratowski convergence

INTRODUCTION

Let .¥; 2 be two Banach spaces, X ¢ .¥"; Z c Zare nonempty, compact, convex subsets. Let
H: X = X; Q: X =3 Z be set-valued mappings and h: X x Z x X — IR be a vector function.

Denote the nonnegative of R® and its interior, respectively, by

P_ )i p -
R+. {t_(tl,tz,...,tp)eR |ti20,|—1,2,...,p} and

intRY = {t=(t,t,,...t,) e R" [t >0,i =1.2,.., p} .
We consider the following weak vector quasi-equilibrium problems.
(WQVEP): Find X € H(X) such that
VzeQ(x)|h(x,z,y) e —intRP, vy e H(x). (1.1)
For sequences of set-valued mappings Hn: X =3 X and Qn: X 3 Z and single-valued mappings
hn X xZ xX— Rp ,for ne N\{O}. We consider the following sequence of weak vector
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quasi-equilibrium problems.

(WQVEP) :Find X € H_(x) such that
VzeQ,(X)|h,(x,z,y)e—intR", vy e H (X). (1.2)

We denote the solution sets of problems (WQVEP) and (WQVEP), by ©(h,Q,H) and
O(h,,Q,,H, ), respectively. Throughout this paper, we always assume that ®(h,Q,H) and
O(h,,Q,.H,) are nonempty sets.

As we know that the concept of Painlevé-Kuratowski (P.K.) convergence of solution sets for
optimization-related problems has an important role in optimization theory and applications.
There are many papers on the Painlevé- Kuratowski convergence of solutions, for example
optimization problems, see [4,6,8], multiobjective games, see [7], and equilibrium problems,
see [1,2,9]). Very recently, Duy et al. [3] established strong vector quasi-equilibrium problems
and sequences of strong vector quasi-equilibrium problems of the Minty type and the
Stampacchia type. Then, they introduced the auxiliary subsets of the solution sets for these
problems. The concept of generalized C-quasi-concavity of the objective functions for strong
vector quasi-equilibrium problems is studied. Finally, they investigated sufficient conditions
for the lower convergence, upper convergence and convergence in the Painlevé-Kuratowski
sense with sequences of mappings converging continuously to strong vector quasi-equilibrium
problems. However, to the best of our knowledge, there are not any papers on the convergence

results by using the auxiliary solution sets and the concept of ]RE - quasi-convexity of the

objective functions for weak vector quasi-equilibrium problems. That is why we establish the
convergence of the solution sets for weak vector quasi-equilibrium problems.

In the following, we recall some concepts of the convergence of set sequences and mapping
sequences [2, 10].

Let X be a normed space. A sequence of sets {Dn}, D, c X, is said to upper converge (lower

converge, respectively) in the sense of Painlevé-Kuratowski to D, if
limsupD, < D (D c liminf D, respectively). {D,} is said to converge in the sense of

n—o

Painlevé-Kuratowski to D, if limsupD, = D < liminf D, with

n—w n—o

liminf D = {x e X :xlimx ,x e D_, forsufficiently large n}

- now

limsup D, := {Xe X :xlimx ,x D, ,{xn } a subsequence of {xn}} Let Ha: X = Y be a sequence of
kow " g

now

set-valued mappings and H: X 3 Y be a set-valued mapping. {Hn}is said to outer converge

continuously  (inner  converge continuously, respectively) to H at x, if
limsupH_(x )< H(x,) (H (x,) climinfH_(x ), respectively) VX, = X,, {H,} is said to converge

continuously to H at x, if limsupH (x )< H(x,)<liminfH (x ) ¥x, —X,. If {H } converges

n->

continuously to H at every X, € X , then it is said that {Hn} converges continuously to H in X.

Now, we recall a concept of the continuous convergence for a sequence of single-valued
mappings. A sequence of mappings {h,} , where h, : X — Y, is said to converge continuously
to amapping h: X — Yat X, if limh, (x,)=h(x,),vx, = X,. If {h,} converges continuously

tohatevery X, € X , then it is said that {hn} converges continuously to h in X.
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MAIN RESULTS

Firstly, we will study sufficient conditions of lower convergence of the solution sets for
(WQVEP) and (WQVEP),.
For all neN, we consider the following auxiliary subsets of ©(h,Q,H) and

O(h,,Q,.H, ), respectively.
®(hQH)={xeH(x):vzeQ(x)|h(xzy) e —cIR’, vy c H(x)} and

®(hn,Qn,Hn)={xeHn(x):VZEQH(X)Ih"(x,z,y)g—clﬂaf,vyeHn(x)}‘Where cIR" is the closure of R” . Itis
clear that

®(h,Q, H)c®(h,QH) and ©(h,,Q,.H,)=®(h,,Q,.H,).
We also always assume that ©(h,Q,H) =@ and ©(h,,Q,,H,)=@.

We now will introduce the concept of ]RE -quasi-concavity for a sequence of weak vector
quasi-equilibrium problems.
Definition 2.1 Let X be a Banach space and hy: X x X — RP be a sequence of vector

functions. Then, hy is said to be RP -quasi-concave in X x X if for each x,,x, € X and

Y., Y, € X suchthat h (x;y,)e—intRR? and h (x,;y,) ¢ —CIR?,Va (0;1), we have
h, (ax, +(1-a)X%,,ay, +(1-a)y,) € —CIR?,vneN.

Theorem 2.1 Suppose that the problems (WQVEP) and (WQVEP), satisfies
the following conditions:

(i) Hn converges continuously to H with compact values and concave in X;
(ii) Qn outer converges continuously to Q with compact values in X;

(iii) h,(.,z,.) is R?-quasi-concave in X x X, forall ze Z;

(iv) h, converges continuously to h.
Then ©(h,Q,H)climinf®(h,Q,.H,).

Proof. We show that ©(h,Q,H ) c liminf®(h,,Q,, H,).

Assume to the contrary that ®(h,Q,H) & liminf®(h ,Q, H,). Then, there exists

x, €0(h,Q,H) forall x, e®(h,,Q,,H,) suchthat x, does notconverge to x,.From H,

inner
converges continuously to H, for all x, € H(x, ), there exists a sequence {X,} < H,(X,) such

that {xn} converges to x, . By the above contradiction assumption, there must be a
subsequence {%, } of {% } suchthat, vk, % ¢®(h.Q, H,), thatis, there exist z, € Q (x,)

and y, € H, (%) such that
he (R, 2, Yy ) € —CIRP . (2.1)

Since Hy, outer converges continuously to H with compact values in X, there is y, € H (xo)

such that vy, —»>vy,, also Q. outer converges continuously to Q with
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compact values in X, there is z,eQ(x,) such that z —z,. From h, converges
continuously to h, (%,z, Y, ) = (%2, ¥, ) and (2.1), we have

h(Xy. 2, Yy ) €—IR?,
which is impossible, since x, e ®(h,Q,H). Thus,

®(h,Q,H)climinfe(h,Q, H,).

Now let us check that ®(h,Q,H) ccl®(h,Q,H). Indeed, let x, e ®(h,Q,H), x, e ®(h,Q,H)
and x, =ax +(1-a)x, a(0,1). By the convexity of X, we have x,eX. By H, is
concave, for all y eH (x,), there exist y eH (x), y,eH,(x,) such that
y, =ay,+(1-a)y,. From the condition h (.,z,.) is R! -quasi-concave in X x X, for all

zeZ,we have
h,(x,.2,y,)e—cIR?,
ie., x, e®(h,Q,H).Hence ®(h,Q,H)cclO(hQH).

From ®(h,Q,H) climinf®(h,,Q,,H,), we have

©(h,Q,H)ccl®(h,Q,H)climinfe(h,,Q,.H,)climinfe(h,Q,.H,).

Therefore, we have,

®(h,Q,H)climinfe(h,Q H, ).

Thus, the proof is completed. O

The following example proves that the assumption H, converges continuously

to H of Theorem 2.1 is essential.

Example2.1let X =2 =R, X =Z =[-11],p=1H,H, :[-11]= [-11].Q,Q, :[-L1]=
[-11] and h,h, :[-11]x[-11]x[-11] >R, be defined by

H (%) = [-11].H, (%) = [*L’L}
o09-0)-[2].

h(x,z,y)=z+zx",

h (x.2,y) :(Hﬁj(m‘).

It is easy to get after a direct computation ®(h,Q,H)=[-1,1] and

1 1 . ..
®(hn,Qn, Hn) = [—l—n—l,n—l} . It is clear that all the conditions of Theorem 2.1 are
+1 n+

satisfied except the condition H, converges continuously to H. The reason is that H, does not
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inner converge continuously to H (H, only outer converges continuously to H). Hence, the
result of Theorem 2.1 not hold. In fact,

[-11]=0(h,Q H) ¢ liminf©(h,,Q,,H,)=[-L10].

The following example illustrates that the condition Q, outer converges continuously to Q of
Theorem 2.1 is essential.

Example2.2Let X =2 =R, X =Z =[—%ﬂ p=LH,H, C[—%,l}:’»

11 R N J.11y).1l
[_E’E}’Q’Q”'[ 2’2}_’[ 2’2}' and h’h”'[ 2’2} [ 2'2

defined by

h(x,z,y)=x+z+Y,

hn(x,z,y):(nij(ﬂuy).

It follows from a direct computation ®(h,Q, H):[O;ﬂ and ©(h,,Q,, Hn):{%}. We see

that all the conditions of Theorem 2.1 are satisfied except the condition Q, outer converges
continuously to Q. Thus, the result of Theorem 2.1 not hold. In fact,

{%} ~liminf©(h,,Q,.H,)20(h,Q, H)=[0,ﬂ .
The following example demonstrates that the RE -quasi-concavity of h, of Theorem 2.1 is

essential.

Example 2.3 Let X =2 =R, X =Z=[-2,2],p=LH,H,:[-2.2] 3 [-2.2],.Q,Q,:[-22] =
[-2.2] and h,h, :[-2 2]x[-2,2]x[-2,2] > R, be defined by

H(0 =0k, (0= L]

Q(x)=Q,(x)=[02].h(xz,y) = x"-x,

h,(x,z,y)= (1+Lj(x2 -x).

n+1
It is obtained after a direct calculation
O(n.Q.H)={0}u[1.2]

and

1 1
®(h,Q ,H )=|1+—,—+2].
(P Qn Hr) [+n+1 n+1Jr }
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We see that all the assumptions of Theorem 2.1 are satisfied except the RE -quasi-concavity of

hn. Indeed, take x, =0, X, :ge H(0)=[0,2], then forall ye H(0)=[0,2], forall ze Z, we
have hn(xl,z,y):Oe[O,+oo),hn(x2,z,y)=%e(0,+oo) but

h, [l X, +lxz, z, yj = —i(h Lj ¢ (0,+90) . Hence, the result of Theorem 2.1 not hold. In
2 2 16 n+1

fact,

[L2]=Iirnninf®(hn,Qn,Hn)2 ®(h,Q,H)={O}u[L2].
Next, we will study the sufficient conditions of convergence of the solution
sets for (WQVEP) and (WQVEP),.

Theorem 2.2 Assume that the problems (WQVEP) and (WQVEP), satisfies the following
conditions:

(i) H, converges continuously to H with compact values and concave in X;
(ii) Qn converges continuously to Q with compact values in X;

(iii) h,(.z,.) is RP -quasi-concave in X x X forall ze Z;

(iv) h, converges continuously to h.
Then

©(h,,Q,.H,):«O(h,Q,H),as n —> .

Proof. From the proof of Theorem 2.1, we only need to prove that

limsup®(h,,Q,,H,)c®(h,Q,H).

n—o

Indeed, assume to the contrary that limsup®(h,,Q,.H, )& ©(h,Q,H), i.e., there exists

x, € limsup®(h,,Q,,H,), but x; € ®(h,Q,H). From x, elimsup®(h,,Q,,H, ), there

exists a sequence {xnk } c (D(hnk ,Q,  H,, ),{xnk } converges to x, such that for all

z2eQ, (x, ), we have
h,, (xnk ,z,y)e—intRE,Vye H, (xnk )

By H,, outer converges continuously to Hand H, is closed in X, we have X, € H (%) Now
we prove that x, e ®(h,Q,H). If x, ®(h,Q,H). there exist
2, €Q(%,), Y, € H(X,) such that

h(Xy. 2, Yy ) €—intRY . (2.2)
Since H, inner converges continuously to Hand Q, inner converges continuously to Q, for
all z, eQ(x,) and y, e H(x,) there exist z, €Q, (xnk) and y eH, (xnk) such that

z, >z,and y, — VY, as k—>o0.Since X, e@(hnk,an,an)

we have
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h, (xnk ' Zo s Vi, ) ¢ —intR". (2.3)

Since h, converges continuously to h, (xnk,znk,ynk)a(xo,zo,yo) and from (2.3),
we have
(X121 Yp) £ L 27

It is in contradiction with (2.2), and so the proof is completed. (I

The following example shows that all assumptions of Theorem 2.2 are fulfilled.

Example24 Let X =2 =R, X =Z=[-33],p=1H,H,:[-33]23 [-33],Q,Q,:[-33] =
[-3,3] and h,h, :[-3,3]x[-3,3]x[-3,3] = R, be defined by

n+l n+l

H(=[-12) 1, (0= 12 20 2

h(x,z,y)=z(4—3x—x2),
hn(x,z,y):[z+%J(4—3x—x2).

It follows from a direct computation

and
o(h, Q.. H,) =[—4,1]m[—1——,2+—]

We show that all the assumptions of Theorem 2.2 are fulfilled. Then, the result of Theorem 2.2
hold, and so

lime(h,,Q,,H,)=[-11]=©(h.QH).

Remark 2.1 As mentioned in the introduction, up to now, there are not any papers on the
convergence results by using the auxiliary solution sets and the concept of RP -quasi-

convexity of the objective functions for weak vector quasi-equilibrium problems. Hence, our
results in this section are new and different
some main results in the literature.

CONCLUSION

In this paper, we have studied the convergence behavior of solution sets for weak vector quasi-
equilibrium problems in finite-dimensional spaces. By introducing auxiliary solution sets and
employing the concept of C-quasi-convexity (or quasi-concavity) of the objective functions, we
established sufficient conditions for the Painlevé-Kuratowski lower convergence and full
convergence of these solution sets under sequences of mappings that converge continuously.

Our results generalize and complement existing convergence theorems in the literature by
removing some restrictive assumptions, such as convexity of the objective function, and
replacing them with quasi-convexity-type conditions. Through a series of carefully constructed
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examples, we have demonstrated the necessity of each condition in our theorems and illustrated
the applicability of the proposed framework.

To the best of our knowledge, this is the first time auxiliary solution sets and the notion of
quasi-convexity have been used in the context of weak vector quasi-equilibrium problems to
study convergence. Hence, the theoretical findings in this paper provide new insights and open
up promising directions for further research on the stability and sensitivity analysis of vector
equilibrium problems and their generalizations.
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TOM TAT

Trong bai bdo nay, chiing toi tap trung nghién cu cac bai toadn tua can bang vects yéu (WVQEPs)
trong khéng gian vecto hiiu han chiéu, mét dang téng quat clia nhiéu mé hinh can béng trong tdi
uu hoa vecto va ly thuyét tro chai. Trudc tién, chiing toi xay dung cong thiic bai toan tua can bang
vecto yéu va thiét 1ap cac giad thiét nén tdng nham dam bao bai todn dugc xac dinh tét. Phuong
phép ti€p can cla ching toi két hop gitia gidi tich da tri va ky thuat bién phan dé xi ly ban chat
vecto clia bai toan.

Tiép theo, ching toi gidi thiéu khai niém vé cac tap nghiém phu trg lién quan dén cac bai toan
WVQEP. Nhiing tap nay déng vai tro quan trong trong viéc phan tich hanh vi dinh tinh clia énh xa
nghiém. Bac biét, chidng toi dinh nghia va khao sat diéu kién 16i xap xi (quasi-convexity) déi vai
ham muc tiéu, nhu maét su md réng cla tinh 16i ¢6 dién, tir d6 cho phép xtr ly mot I&p bai toan
réng hon trong dé tinh 16i cé thé khéng duge dam bao. Diéu kién 16i xdp xi nay dugc chiing minh
la du dé dam bao mét s6 tinh chat lién tuc va hoi tu nhat dinh cta tap nghiém.

Dua trén nhing phét trién nay, ching téi nghién ctu su héi tu dudi theo nghia Painlevé—Kuratowski
clia cac tap nghiém Ung v&i mot day bai todn WVQEP dugc xac dinh bdi mot day anh xa lién tuc.
Chung toi thiét lap cac diéu kien dé cac tap nghiém thé hién tinh nia lién tuc dudi va hoi tu tap
hop, déng thai cung cdp mét khung toan hoc chat ché nham phan tich tinh én dinh ctia nghiém
can bang dudi cac nhiéu loan. Cac két qua nay gép phan lam sang td hanh vi clia tap nghiém khi
c4c &nh xa nén thay déi lién tuc.

DE minh hoa cho cac két qua ly thuyét, chiing t6i xay dung mot s6 vi du cu thé, cho théy tinh kha
thi clia cac gia thiét dugc dé xudt va tinh chinh xac clia cac két luan. Cac vi du bao gébm nhimng
trudng hop khéng nam trong pham vi dp dung clia cac két qua dua trén tinh 16i hién co, tir dé
nhan manh tinh mai va tinh khai quét trong cach tiép can clia ching toi.

Cac két qua chinh clia ching toi khéng chi ma réng ma con khac biét so véi nhiéu két qua ndi bat
da cong bé trong tai lieu vé bai toan can bang vecto. Cu thé, viéc sir dung diéu kién 16i xap xi va
cac tap nghiém phu trg cho phép loai bd mot s6 gia thiét han ché trong cac cong trinh trudc do,
déng thdi ma ra mot géc nhin mai vé phan tich &n dinh cho cac bai toan can bang vecto. Nhiing
déng gop nay lam phong phti thém ly thuyét téi uu vecto va mé réng cac hudng nghién clu trong
phan tich bién phan va ly thuyét can bang téng quat.

Tu khoa: Bai todn tua can bang yéu, hoi tu trén (dudi) Painlevé—Kuratowski, hoi tu Painlevé-
Kuratowski.

Trich dan bai bao nay: My N X, Dai L X, Phic N H, Hung N V. Su hdi tu cia tap nghiém dai véi bai toan
tua can bang vecto yéu.VNUHCM J. Eng. Technol. 2026; 9(3): 3359-3368.
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