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ABSTRACT

One of significant progress of construction industry is prestressed concrete. The range of appli-
cations is very wide in the high-rise buildings, large-span buildings and the bridges. Prestressed
concrete has been successfully used for small as well as large projects over the last sixty years. The
efficiency stems from being able to use high strength materials, to structurally utilize the entire
cross section, to vary the force and location of the reinforcing to best resist applied loads, and to
control the timing of when the prestressing force is applied to the structure. In prestressed con-
crete structures, load balancing is an indirect and familiar method for analyzing prestressed mem-
bers through equivalent load. The frame being subjected to equivalent load produces balanced
moment or prestressing moment (it is taken into account in serviceability limit state) and reactions;
then, secondary moment (it is taken into account in ultimate limit state) is produced by reactions.
The paper presents a direct method for analyzing prestressed members by solving the differential
equations of the elastic line. These differential equations consider the equilibrium of the reactions
and eccentricity of the prestressing force. After solving these equations, the engineers can directly
obtain the reactions; and subsequently, determine the prestressing moment, secondary moment
and shear force. The direct method also finds out the precise effect resulting from large tendon sag
in transfer or deep beam. Effect of large tendon sag is the same as small tendon sag, the differences
are very small. Besides, in this paper, the equivalent load models associated with any complicated
tendon profiles which are formularized deal with and expand the unconventional tendon profile
in the future of construction industry.

Key words: differential equation of the elastic line, large tendon sag, prestressing moment,
secondary moment, reactions due to prestressing force, prestressed concrete structure, structural

analysis

INTRODUCTION

Prestressed concrete is a highly efficient structural
system that offers many benefits in a wide range of
construction, repair, and rehabilitation applications.
Prestressed concrete has been successfully used for
small as well as large projects over the last sixty years.
The efficiency stems from being able to use high
strength materials, to structurally utilize the entire
cross section, to vary the force and location of the re-
inforcing to best resist applied loads, and to control
the timing of when the prestressing force is applied
to the structure. Prestressed concrete offers a per-
fect balance of two materials which complement each
other. Concrete is strong in compression and rela-
tively weak in tension. The tensile strength of con-
crete is about 10% of its compressive strength. Pre-
stressing steel, on the other hand, has a very high ten-
sile strength which is about four times that of com-
mon reinforcing bars. By combining the two, a struc-
tural member can resist both compressive and tensile
forces caused by various loads. This results in greater

efficiency in resisting tensile as well as compressive
stresses resulting from the applied loads. Prestressed
concrete can be used in all facets of construction from
buildings and bridges to highway pavements, slabs-
on-ground and ground anchors. It has also been used
for rehabilitation and retrofit applications.

In prestressed concrete structures, prestressing force
induces two effects that are the axial prestress and ec-
centricity prestress; and to take eccentricity into ac-
count, load balancing was introduced by T. Y. Lin
or Moorman? (Moorman called equivalent load) as a
simple yet powerful alternative method for analyzing
prestressed members, it has been unique to calculat-
ing the effects of prestressing force on members for 60
years. In this conventional method, B. O. Alami? fur-
ther presented, the tendon in Figure 1(a) is removed
from its duct and replaced with the forces the ten-
don exerts on the structure when in place as well as
a constant compression force. The replaced forces are
comprised of upward and downward forces resulting
from the tendon profile, called equivalent load, or bal-
anced load. The frame being subjected to equivalent
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load produces balanced moment? or prestressing
moment*® (it is taken into account in
serviceability limit state); then, secondary
moment*® (it is taken into account in ultimate
limit state); and support reactions are calculated
directly or indirectly® through prestressing
moment. First, the effects of axial loading and the
flexure due to prestressing force are independent
from one another; therefore, the general behavior
must be considered individually®. Second, this
method must be accepted that the eccentricity of
the prestressing force is small in comparison to the
span’® and the studies about prestressing force is
large in comparison to the span, on the other hand
the large tendon sag has not investigated
adequately or referred to in documentaries,
standards. Third, for the tendons have cubic or any
complicated profiles, a basic theory about
equivalent load need to make clear in this cases.
Fourth, load balancing method does not consider
the effect of frictional loss”. In reality, tendon
force profile varies along the length of the tendon
due to the frictional loss®~** and in order to
overcome this an average applied force
(approximate force) on the member is replaced.
This is the limit of the load balancing method.

The paper presents a direct method to determine the
prestressing, secondary moment and shear force™?
by solving the differential equations of the elastic
line. Through this method, the nature of the
prestressing force in member which includes the
tensile force in tendons and its eccentricity is
retained. Thus, the engineers can directly consider
the eccentricity of the tendons, the tensile force,
and the reactions in the equilibrium equations
without using equivalent load or removing the
tendons. After solving these equations, the
engineers can directly obtain the reactions; and
subsequently, determine the prestressing, secondary
moment and shear force.

Besides, in this paper, the bending moment derives
from reactions and prestressing force in the
equilibrium. And based on considering the
relationship between second derivatives of this
bending moment with respect to distance, the
equivalent load models associated with any
complicated tendon profiles which are formularized
deal with and expand the unconventional tendon
profile in the future of construction industry.

EQUILIBRIUM OF PRESTRESSED
MEMBER AND DIFFERENTIAL EQUATION
OF THE ELASTIC LINE

Considering any prestressed member with a small
tendon sag, the assumption that after prestressing,
the member is deformed according to the function y
= f(x), called deformation line in Figure 1(a). The
supports constrain this deformation of the member,
and reactions consist of the forces and moments
shown in Figure 1(a) are generated.

Deformation line

y=/x

Tendon prafile

¥, =/

A
Reaction due to T R, T\R“
prestressing force x

a) Deformation line and reactions after prestressing

y ment)
Deformation line ” (bcﬂd‘“g Lo a forc®)
V=1 X L)
P
M, (‘ _c o force)

Reaction due to
prestressing force

b) Equilibrium after prestressing
Figure 1. The deformation line, reactions and
equilibrium after prestressing [Source: The
Authors]

Passing a cut section at location x, the equilibrium
in Figure 1(b) (deformation due to shear force is
ignored) can be expressed as:

M, =M, +M,~3Rx,+P|y|=0 (1)
=M, =-M,+2Rx, + Py,

The differential equation of the elastic line:
M, M +2ERx +Py ?2)

VST T El

where E is the modulus of elasticity; I is the
moment of inertia of member; M and Ri, R are
reactions due to prestressing force; P is the
prestressing force; yi is the eccentricity of the
prestressing force at location x.

This differential Eq. (2) varies with x and has
unknowns M and Ri. Solving this equation with
the boundary conditions, the engineers find out the
relationship between the reactions, prestressing
force, and eccentricity of the prestressing force.
Combined with other equilibrium equations, the
engineers obtain unknowns M and Ri. Finally, the
engineers determine the prestressing moment
which is caused by prestressing force and reactions,
and secondary moment which is caused only by
reactions.

APPLICATIONS AND INDEPENDENT
VERIFICATION

The two-span beam

The two-span beam and tendon have profiles of
two parabolas y1 and y2 in Figure 2.

4e 4e 4e
wherea; = —;by = ——;a, = —3; b, =
Ly Ly L
4e, . _ 4eply
—3(2111 +Lz);c = L2 (L; + L)
IRdil} [t
S — A
77 ¥y = ap + by Y= ax + by + o A

v, t Vp tV
t 4 L L (d

Figure 2. The two-span prestressed beam and

reactions [Source: The Authors]

The equilibrium of the left segment (shear force is
ignored) in Figure 3:

(©)
SF,=P+N=0=N=-P
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SM =M, +Ply|-V,x=0 ) Because the displacements at point B and C are
= M, = P(a +bx)+V equal to 0, this results in:
M. - Pa2 b PbL Pel’ VL

x :—( + 2 L FL +G =0
2 N 6 2 6
17
ay, P a7

3
tp:i . Vo= Pa,L PbL PcZ )+ FL+G =0 (18)

_E( 6
Figure 3. The equilibrium of the left segment from  From Eq. (17) and (18), F is figured out:
point A [Source: The Authors]

FZ*L[PaZ(LA L), Ph(L'-L)  Pey(L'-L) VCL Vel
The differential equation of the elastic line and its EI 121, 6L, 2L,
antiderivative are as follows: (19)
M 1 ) The slope at point B (right) derives from Eq. (15):
"n_ _ X —_ 2 3 2
y"= Z ZI (Pa,x” + Pbx+V x) On = (PazL Pb L + Py, - VL 2) F (20)
N Pax’ Pbx’ Vsz (6)
r Iy - EI( 3 2 " )+8 By substituting F from Eq. (19) into Eq. (20), this
results in:
y:fy :_7(Pax Pb6]x Vx)+Bx+C (7)
__ 1 Pa,L’ ) PpL} . Pa(L'-L")
Because the displacements at point A and B are L S S 121, N
equal to 0, this results in: Ph(L'-I') Pe(l}-17) V.L}? |
3 JLe 2
6L, 21, 3
Yi=Y=0=>C=0 (®) : : 21
| PaL® PbL’ V L Because the slope at point B (or any point, cross
Vo=V, = EI( 12 L 6 6 = )tBL =0 (©) section on continuous beam) must be the same,
| Pal’ PO} VL therefore:
=—(—+—+4)
El 12 6 6 Dp-tgi = Po-righ
The slope at point B (left) derives from Eq. (6): oLy Ly Pall POL p Polli-L) Ph(L-L) Pofl'-L) Pal’ PHLY
3430y 6L, 2 43
L Pal’ POL VL 10
' +—1)+B (10)
Orig =Y ="t 22)
By substituting B from Eq. (9) into Eq. (10), this Besides, the sum of moment of external forces
results in: about point B is:
o _ 1 (PaL PblL2 VL ) an ZM/B M,y +M, y=-V,L+V.L,=0
B-lefi —
' 3 L
= VA = h
Similarly, the equilibrium of the right segment L,
(shear force is ignored) in Figure 4: (23)
YF,=P+N=0=>N=-P (12) By substituting Va from Eq. (23) into Eq. (22), Vc
is figured out:
SM =M~ Ply,|+Vo(L-x)=0 s is figured ou
<M, =Py, +V.(L-x) 13) V. = PaLi® | 3PbyLi? | 3Pcyly | Paz(Ly*-L%)
x 2 , ¢ ¢ LoL 2L,L LoL 41,21
=P(ax" +bx+c)+V.(L-x) Pby(L13-L3) | 3Pcy(L®—L)  3PasLs®  PbylLy?
where L=1L, +1L, 2L,%L 2L,%L 4L,L LoL
" 24)

X

LetLi=8m;L2=10m;e1 =0.12m; e2=0.16 m.

Tendons a1 = 0.0075; b1 =-0.060; a2 = 0.0064; bz =
-0.1664; c2=0.9216; P =146 N.

It is figured out that Ve =2.08 N; Va=2.59 N.

Moment equations and their diagram (prestressing
Figure 4. The equilibrium of the right segment  moment) in Figure 5(a). Diagram (secondary

from point A [Source: The Authors] moment) in Figure 5(b):
The differential equation of the elastic line and its segment 1 (0 <x<8m)
antiderivative are as follows: e 4e
M, P( L? ——Lx)+V,x (25)
M, 1 2 (14) L L
y'=- =——I[P(a,x" +b,x+c,)+V.(L-x)]
BT B _as) =1.09x> —6.16x
, ) 1  Pa,x’ Pbx Vo(L—- x) 5
= = —— < P -
7 -[y EI[ 3 T et segment 2 (8§ <x <18 m)
o 1 Pa,x*  Pb,x’ Pc,x* V.(L-x)
R AT T Y AR A (26)
(16) =0.93x? —26.37x+171.92
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. 14.13
il . Y /-l\s
281 14.11

20.76

a) Prestressing moment

0 8 18

20.76
b) Secondary moment

Figure 5. The moment diagrams of two-span beam
(Nm) [Source: The Authors]
Single-span frame

The single-span frame and tendon have profiles of
two segment parabolas y1 and y2 in Figure 6.

1.?‘

Hy

T —
Y,
)

v

=c

Figure 6. The single-span prestressed frame and

reactions [Source: The Authors]
Yete) _Mete) , _,  H, ANl
(L+b) "7 (L+b)” 2
the cross-sectional area of beam or column; bq and
Hq are the width and height of beam respectively;
hi and by are the width and height of column A
respectively; hz and bz are the width and height of
column B respectively.

where a, =

The equilibrium of external forces is presented as
the following equations:

SF,=—H,+H,=0 (27)
SF, =V, +V,=0 (28)
M, =M, +V,L,~M, =0 (29)

The engineers have six unknowns but only three
equations; therefore, the engineers must find three
more equations with the boundary conditions. After
applying the prestressing force, the frame is
deformed in Figure 7.

Dt
10, Ong 1
Xee l QCd Xpe
, Oce Opc N
/7 \
[ \
| |
| |
\ I
Xp= 04=0 Xpe= 0pc=0
A [
A B

Figure 7. The deformations of the single-span
frame after prestressing [Source: The Authors]

The fixed support A and B, boundary conditions
are:

©,=0 (30)
V=0 (€1))
P =0 (32)
Vg =0 (33)

At point C and D. Before deformation, the angle
between column and beam is 90 degrees. After
deformation, these angle are also 90 degrees.
Therefore, slope of column and beam are the same:

Pee = Pea (34)
Ppe = Ppa (3%)

Axial deformation of column (due to axial force)
induces vertical displacement at point C and D on
beam, boundary conditions are:

AL

co-4 = Vee (36)
AL

co-8 = Vpe (37
Axial deformation of beam (due to axial force)
pulls horizontal displacement at point C and D on
colomn, boundary conditions are:

ALBeam = ch + |ch (3 8)
The equilibrium of column A in Figure 8(a):
SF,=N+V,=0=N=-V, (39)
The axial deformation of column A

N v (40)
ALy, =—L =——1
'CO-4 EAI 1 EAI 1
IM=M,~H,y+M, =0
=>M,=-M,+H,y
(41)
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M, ]N

M, IN

- : Ay E 45,
by |E, = b |1
Hy ! Hp !
S— U -—
M‘i MBU
Vi I I Va
(a) Column A (b) Column B

Figure 8. The equilibrium of column [Source: The
Authors]

The differential equation of the elastic line and its
antiderivative are as follows:

M, (42)
w__ v~ M H
YT E EI( +H,)
2
v= e M T “3)
3
S RIS (44)

Apply the (30) condition ¢, —x' =0=B=0

Apply the (31) condition X, =X%=0=>G=0
It is figured out that:
2 45
Pec = x'L, = _L(_MALI +M) ( )
M, L _H L 46
Xee = L~ 7( 4 ) ( )

Similarly, the equilibrium of column B in Figure
8(b):

YF,=N+V,=0=N=-V, (47)
The axial deformation of column B
N V,
co-s =7 L = 2 L (48)
EA, EA,
ZMZ—MB+HBy+My=0 (49)

=M, =M,~H,y

The differential equation of the elastic line and its
antiderivative are as follows:

M, 1 (50)
"o (M,-H
ST E12( s~ H5)
" n_ 1 H8y2 (51)
x_jx :E—IZ(MEV )+ K
' I Myy~ Hpy (52)
=|x'= (0 +Ky+F
x Ix E12( 5 )+ Ky
Apply the (32) condition ¢, =x',=0=K =0
Apply the (33) condition x, =x =0= F =0
It is figured out that:
\ 1 H,yL 53
Ppe =X 4, :7?12(M3L17 —) (53)
2 3
o =3, == (2 ) oY

The equilibrium of beam in Figure 9:
YF,=N-H,+P=0=>N=H,-P (55)

SM=M,-H,L —VA(x+%)+Mx+P\y\:0 (56)

=M, :—MA+HAL1+VA(x+%)+P(ax2—eI)

a if x<0
where a = i
a, if x=0
X
As; EI
3 3 ;Alx
5 o 1) N
)|, B e =
2 \ L. T L P
Y1 :al.rz—el € y
B |46
i L ELy
Hy
T M,

1

Figure 9. The equilibrium of column-beam A
[Source: The Authors]

The differential equation of the elastic line is as
follows:

M, 1

"=——X = [P(ax’ —e)+V, x+ +H,L-M
¥ B, EL [P( D +V( ) JL-M,]
(57)
The slope equation:
3 2
v=] o L Par Vi Vbl Lx—M - Pex)+ M
El," 3 2 2
(58)

The slope at the ends of beam:

, Pal, V,L,' H,LL, LML PeL2
— +M
YVon,n= ( 24 3 5 5 —)
(59)
- 7(Pa2 ) WL HLL, ML Pe, 2w
2 2 2
(60)
3 2
1 Pal} VL' HLL ML Pel z) e (-MAL1+H“L‘ )
EI, 24 § 2 2 El, 2
(61)
Apply the (35) condition:

3 2
7L(Pazll +3V4L HLL ML PeLz) Ve 7L(ML7HL )
EL,~ 24 s 2 2 EI, 2

(62)
From Eq. (61) and (62), it is figured out that:
_ ML ML H,L’ . HyL®  Pal, Pal} VL’
2EI, 2EI, AEI, 4AEI, 48EI, 48El, 8EI,
(63)
And
L L LL L H,L' Pal) Pal’ Pel,
7(4+£)M ,7M +7V ( 7)H4+ B _ 611:7 azer el
Lo I, 2 L2 2, WL UL
(64)

The equation of the elastic line is as follows:
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I Pt VY VLY HLx Mx Per M, = 749Nm
- r=_77+.47+/12 + o e W | +Mx+N A
=y AL T A R R M, = 869Nm (73)
(65) _|H, = 629N
The displ ts at the ends of beam: My = 62N
e displacements at the ends of beam: v, - —0.16N
v :77(PaL VL' HLL' ML Pel) SUA ¥, = 016N
BETUEL 192 24 8 8 ) . _
(66) After solving the system of equations, the engineers
can determine the prestressing and secondary
. ( Pal, V4 L HLL ML} Pl ML, . moment diagrams in Figure 10 and Figure 11:
’ L 1138 10.18
67) —l?.82

Apply the (36) condition:
o L PaL VL HLLY MALZZ_Pe,iLf)_%JrI\F 1A 2231
el T Ty g Ty s 8 8 0 2 B4
(68)
Apply the (37) condition: -749

34.29

Figure 10. The prestressing moment diagram of
frame (Nm)[Source: The Authors]

)

1 /PazL;JrVAL; CHLLD ML} PqLZZ)Jr% e te L

B 192 12 38 g8 8 2 E4,
(69)

Subtract Eq. (68) from Eq. (69) then substitute M
from Eq. (63):

-10.19?\

Column B: b2 = 0.40 m; h2 =0.60 m; I> = 0.00320
m* A2 =0.24 m?%.

Beam: ba = 0.30 m; ha = 0.60 m; Iy = 0.00540 m*;
A3=0.18 m?.

Tendon: €1 =0.20m; e2=0.10 m; e3 =
0.0188; a2 =0.0250; P =146 N.

0.20m; a; =

The engineers get a system of equations:

1 Pl P“*L24+VAL;)+ML,:—ﬁlﬁﬁlﬂ
EI 192 192 24 T E4 0 E4
%M 7L1Lz 7L|1Lz JrlﬂszH + Lz} LI)V Jrﬂ _ PazL14 ; P’1|Lz4 -7.49 2 60 d&
T T T A AT
(70) Figure 11. The secondary moment diagram of
Apply the (38) condition and substitute N from Eq. frame (Nm) [Source: The Authors]
(55):
Comparison with load balancing method
Xeo x| = ij a) Methodology
3 . T .
1ML HL | ML HL _(P-H)L, Eq. (1) descrlbes'the equilibrium of the prestressed
7 ( 2 )+ ( 5 6 ) y, member, the engineers take the first and second
'\ ’ derivatives of Mx with respect to x:
oLy +i (ﬁ_i_i) PL,
21, " an, 4, 61 61, ' 4 M, _sp+pr (74)
(71) X X
. &M, _ pd’y _ (75)
Solving the system of Eq.s (27), (28), (29), (64), 2 g ™
(70), (71) the engineers obtain six unknowns. Ify1 is a parabola described by the equation: y; =
Let: ax? + bx + ¢, Eq. (75) becomes:
d’M, (76)
Lc=2.70 m; L1 =3.00 m; L> = 7.60 m. o7 2ba=w,
;‘jl‘jfl‘“:‘% 1b6' :120'40 m; h1 =0.40 m; I = 0.00213 The load ws in Eq. (76) is the equivalent load

which T. Y. Lin has applied for analyzing
prestressed concrete structures. For each type of
tendon profile including straight, linear, cubic or
any profile, the engineers can obtain the
corresponding equivalent load. Especially, in the
straight and linear profiles, the equivalent load
obtained is equal to zero but Eq. (2) still describes
the effect of prestressing force and reactions on
curvature of members.

Mathematical theory shows that direct method is

-H =0 the opposite of load balancing method. The
VitV =0 engineers derive from Eq. (1), direct method
M, -M, +7607, =0 develops the differential Eq. (2) from Eq. (1) based

2813.65M ,~937.50M, + 6331.60H , +1406.25H,, + 2674077, = 1946081 on elastic theory, and then, by taking the
SU3TM, ~356250M, ~SO15.63H, +SHBTSH, +3385285, 41250, = 88873 antiderivatives, the equation is solved to obtain the
2109.38M  +1406.25M, ~3473.40H, = 01644 reactions. On the other hand, load balancing

(72) method takes the second derivative of Eq. (1) to

obtain the equivalent load wy then applies this force
to members. Finally, the results are convergent, and
this theory affirms the accuracy of direct method.

2816



VINUHCM Journal of Engineering and Technology 2026, 9(2).2811-2820

Based on this theory, if tendon profile is y2 = ax3 +
bx? + cx +d, the engineer finds out equivalent load
describles wb = 3ax+b or any tendon profiles find
out their equivalent load.

b) Verification and results comparison in terms of
applications

In two-span beam and single-span frame, using
load balancing method for analyzing, the procedure
includes: applying balanced loading to beam,
determining the reactions due to balanced loading,
the prestressing moment due to balanced loading,
the reactions due to prestressing force and finally
the secondary moment due to reactions in Figure
12 and Figure 13.

8m 10m
—— — ———
A

& 466N 207N 4

T 2.59 N

a) Reactions due to prestressing force

2'19/|I:Vm /|\ 1.87 N/m
¥ 6.17 N v 22.77 N 728 N ¥

b) Balanced loading

-8.68 -14.13

20.76

c) Prestressing moment (Nm)

20.76
d) Secondary moment (Nm)
Figure 12. Analyzing two-span beam using load
balancing method [Source: The Authors]

749 N

$.69 Nm,
\ﬁ.lﬂl\' \#/Il.lé N
i80m 380m

c) Prestressing moment (Nm)
a) Reactions due to presiressing force

d) Secondary momeat (Nom)

749 N
Yo

b) Balanced loading with avial loadmg

Figure 13. Analyzing single-span frame using load
balancing method*?

Comparing the results in table 1, direct method and
load balancing method saw no differences in one-
span beam and single-span frame. These results
affirm the accuracy of direct method.

Table 1. Results comparison of direct method and

load balancing method [Source: The Authors]

Direct Load
App Ttem meth balanc Comparison
S cms ed 0 g S
method
Prestressin
g Reactions | 2.59; 2.59; 0.00%,;
g
S | (Va; Vs; 4.66; | 4.66; 0.00%;
2 | Vcorder -
g 207 | 207 0.00%
g Unit N)
2 | Prestressin | Fig.5 Fig. o
= g moment (a) 12 (¢) 0.00%
Secondary Fig. 5 Fig. o
moment (b) 12 (d) 0.00%
Support A
reactions
(Vertical; .
Horizontal; -0.16; | -0.16; 0.00%;
Moment 6.29; | 629; | 0.00%;
order -
) 7.49 7.49 0.00%
o Unit N; N;
g Nm)
E Support B
& | reactions
é’ (Vertical; .
£ | Horizontal; 0.16; 0.16; 0.00%;
Moment 6.29; | 629; | 0.00%;
order -
) 8.69 8.69 0.00%
Unit N; N;
Nm)
Prestressin Fig. Fig. o
g moment 10 13 (¢) 0.00%
Secondary Fig. Fig. o
moment 11 13 (d) 0.00%

LARGE TENDON PROFILE SAG

In transfer or deep beams'*'°, small sag tendons

are not appropriate. The prestressing force P in
Figure 14 devides two components:

P =Pcosa 7
P =Psina (78
Where
d .
ga=Piy (79)
dx
¥ oment)
Deformation line ‘ (oc;‘d‘ s“‘\:‘oﬁ“,\fo(ce\

ore)

x :
P gresves®

5
} Reaction dueto R ax f0r<E)

L (she
prestressing force 0

X

|
Figure 14. The equilibrium of prestressed member
with large tendon profile sag [Source: The Authors]

Using the relationships:
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cosa == ! =+ 1, (80)
1+tg’a 1+(n)
2 \2
naos | 89 _ [0 81)
l+1g°a 1+(»)
Eq. (2) becomes:
Py,
-M, +XRx, + =
o M, _ JI+ ) (82)
Y EI EI
Shear force Q derive from:
(GO (83)
=>» R+P —;ify, >0
e T
Or
W) e (84)
=» R-P —; if 0
=2 e

Application to the single-span transfer frame and
tendon have profiles of parabola y = ax? - e in
Figure 15(a).

The differential equation of the elastic line as

follows:
2_ 85
y.,:_MX:_L M+VAX+£)+H4L|—M4]( )
El EL 1+4a’x* 2 ’ ’

The slope equation:

1 Px |, 1 P(8ae+1) ‘ ) ‘
'=|y'=—[— /x +—- In|V4a®x* +1+2ax]
Y Jy Elz[ 4 4a’ 164

+%x2 +%x+HALIx—MAx)]+M

(86)
Equation of the elastic line:
1 P , 12 P@aetl) ‘ [i72.1
=|y'=——[=Cx"+—) - xInlyda x" +1+2a
y=y Y e g
QX3+ VL, x2+HAL1xz
6 4 2

- x2+i,)+
4a”

—%]+MX+N
(87)

Let:

Lc=7.00m; L1 =8.25 m; L2 =7.60 m.

Column A: b1 =1.00 m; h; = 1.00 m; I = 0.0833

m* A1 =1.00 m?.

Column B: b2=1.00 m; h2 =2.00 m; [ =0.1667

m*; Az =2.00 m?.

Transfer beam: ba = 1.00 m; hg =2.50 m; I3 = 1.302

m*; Az =2.50 m?.

Tendon: € =0.80 m; a=0.0865; P =146 N.

Solving the Eq.s (86) and (87) with boundary
conditions, combined with other equilibrium
equations, the engineers obtain unknowns Ma, Mg,
Va, VB, Ha and Hsp. Finally, determine the
prestressing, secondary moment in Figure 15(b)
and Figure 15(c).

‘l 14 m ‘[

a) The single-span transfer frame

-96.17

-20.63 23.59

99.70
102.65

14.31 211.36

b) Prestressing moment (Nm)

-20.63 23.59

\

-11.36

20.63
I~
23.59

14.31
¢) Secondary moment (Nm)

Figure 15. The single-span transfer frame with
large tendon sag [Source: The Authors]

A wide range of sags are investigated in order to
assess effect of large tendon profile compared with
small tendon profile in Figure 16. The differences
obtain clearly when ratio 2e/L> is increased.
Analyzing large tendon sag reduces horizontal
component and increases vertical component of
prestressing force, this is made for reducing
secondary moment (reactions) and prestressing
moment; increasing shear force. The light reduction
of secondary moment (less than 6%) is showed in
Figure 16 .
Secondary moment
5.05
4.42

4 3.81
3.22

21

Differences (%)

2e/12
Figure 16. Maximum differences between small

and large tendon sag [Source: The Authors]

CONCLUSIONS

Based on this method and its results, the following
conclusions are drawn:

- The direct method provides more general way for
analyzing prestressed concreate structures. The
equivalent load models associated with any
complicated tendon profiles which are formularized
deal with and expand the unconventional tendon
profiles. The consideration of frictional loss carries
out based on this method, when the prestressing
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forces along the tendon(located x) are the function
P = P et thus the equilibrium is taken Px

directly not replaced force (approximate force) in
conventional method.

- This method accept that the eccentricity of the
prestressing force is both small and large in
comparison to the span. It finds out solution for
the large tendon sag in transfer or deep beam.

- The single-span transfer frame with large tendon
sag is investigated, the differences between small
and large tendon sag depend on tendon sag, the
stiffness of column and transfer beam. However,
the differences are small. When ratio eccentricity e
and clear span L (2¢/L>0.2) is the difference of
secondary moment more than 5%.
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TOM TAT

Mét trong nhiing tién bo quan trong clia nganh xay dung la bé téng du Ung luc. Pham vi ting
dung rat rong réi trong cac tda nha cao tang, cac cong trinh ¢ nhip I6n va cau. Bé todng Ung suat
trudc da dugc st dung thanh cong cho ca cac du an nhé va I6n hon sdu musi nam qua. Hiéu qua
clia n6 dén tir kha ndng st dung vat liéu cuong doé cao, tan dung téi da toan bd mat cat ngang,
diéu chinh luc va vi tri c6t thép dé chiu tai trong tét nhat, va kiém soét thai diém tac dung luc ing
suat trudc lén két cdu. Trong két cdu bé tong du tng lug, tai trong can bang la moét phuong phap
gian tiép va quen thudc dé phan tich cac cau kién du tng luc thong qua tai trong tuong duong.
Khung chiu tai trong tuong ducong sinh momen can bang hodc momen Uing suét trudc (dugc tinh
dén trong trang thai gidi han kha ndng s& dung) va cac phan lug; sau dé, momen thir cap (dugc
tinh dén trong trang thai gidi han chiu luc) dugc sinh ra tir cac phan luc. Bai bdo nay trinh bay mot
phuang phép tryc ti€ép dé phan tich cac cau kién du Ung luc béng cach giai cac phuong trinh vi
phan ctia duong dan héi. Cac phuong trinh vi phan nay xem xét su can bang clia cac phan luc va
do lech tam clia lyc Ung sudt trudc. Sau khi gidi cac phuong trinh nay, cac ky su co thé truc tiép thu
dugc cac phan luc; va sau do, xac dinh dugc momen (ing suat trudc, momen thi cap va luc cét.
Phuong phap truc tiép nay clng tim ra anh hudng chinh xac clia cap cé dé tring I8n trong dam
chuyén hodc dam sau. Anh hudng cap cé dé tring I6n tuong tu nhu cap do tring bé, su khac biét
rat nho. Ngoai ra, trong bai bado nay, cdc mo hinh tai trong tuong duong lién quan dén dang bat ky
clia qui dao cép phuc tap dugc cong thic hda dé gidi quyét va md rong kha nang ting dung clia
cac hinh dang day cap phi truyén théng trong tuong lai clia nganh xay dung.

Tu khoa: Phuong trinh vi phan clia dudng dan hoi, cap do tring I6n, momen Uing suat trudc,
momen thi cdp, phan luc do luc ting suat trudc, két cdu bé tong Uing suét trudc, phan tich két cau

Trich dan bai bao nay: Thanh Cong P, Viét Hoang V. PHUGNG PHAP TRUC TIEP TRONG PHAN TiCH KET
CAU BE TONG UNG SUAT TRUGC.VNUHCM J. Eng. Technol. 2026; 9(2):2811-2820.
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