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ABSTRACT
In this paper, we aim at investigating a class of nonlinear elliptic problems involving double-
phase operators with variable exponents. More precisely, we consider differential operators of

the form div (1€1P@2¢ 1 1 (x)]£19D2gy

together with a nonlocal term. Such problems arise in a variety of applications, including
reaction—diffusion processes, nonlinear elasticity, non-Newtonian fluid mechanics, and quan-
tum physics.

One of the distinguishing features of the double-phase operator is its ability to continuously
switch between different elliptic phases depending on the spatial position. This phenomenon
significantly increases the analytical complexity of the associated problems and distinguishes
them from classical (p)-Laplacian models. The reaction term considered in this work combines
both subcritical and critical growth nonlinearities, thereby encompassing a broader class of
equations than those treated in many previous studies.

Our main objective is to establish the existence of weak solutions and to analyze their qual-
itative properties. The problem is studied in an appropriate Musielak-Orlicz-Sobolev space
associated with the double-phase structure. The variational approach serves as the primary
analytical framework, allowing the solutions to be characterized as critical points of the cor-
responding energy functional. To this end, we verify the geometric conditions required by
critical point theory and investigate the compactness properties of the functional. While com-
pactness follows directly from Sobolev-type embeddings in the subcritical case, the presence
of critical growth leads to a loss of compactness. To overcome this difficulty, we employ a
concentration—compactness principle of Lions type adapted to the present setting, which en-
ables us to recover the compactness necessary for the variational analysis. Our results con-
tribute and complement several existing results and provide a flexbile variational framework
that can be applied to classes with similar differential operators.

Key words: “double phase operators’, “Kirchhoff double phase problems", “variable
exponents", " critical growths"

INTRODUCTION

This work is devoted to examining some existence results for the following Kirchhoff-type
problems, involving double phase operator

-K <f T (x, Vu)dx) divT (x, Vi) = Af (x,u) + 6g(x,u) in Q @)
[0
u=00ndQ

where O c RY (d = 2) denotes a bounded domain whose the boundary is Lipschitz; the functions
T:OxR? > Rand T:Q x R% - R? are defined by

p(x) q(x)
T = Izil(x) TH) 'E'm

and
T(x,8) = VeT (x,8) = P2 + pu(x)[5|9%0-2¢
where p and q € C+(§) = {l € C(ﬁ),l <Il:= gniﬁnl(f) <it:= I;IEQ(I(E)};M(') > 0;

K:[0,) - R, which is called Kirchhoff term; 4, 8 are positive real parameters; f (x, ) is a Carathéodory
function involving superlinear growths; while g(x, u) is the function given by

5200 —
g (e, w) = by ) |ul51®) 72t + b, (u(x) 9@ |u|2) =2y for (x,u) € O X R~
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where by(-) > 0,b,(-) = 0 such that by, b, € L*(Q), exponents s, s, € C+(5) and possibly reach the
critical thresholds.

Since the pioneering research of (Zhikov, 1987) on energy functionals with non-homogenous
density in the context of elastic theory, problems involving operators so-called “double phase” have been
an interesting topic for numerous researchers. Boundary value problems with double phase operators,
beyond their profound applications in many fields ( reaction-diffusion models, fluid mechanics, quantum
physic..., ) see (Bahrouni et al., 2019; Benci et al., 2000; Cherfils & II’yasov, 2005) for more details, pose
significant differences compared to problems with homogenous elliptic operators as existing p-Laplacian
problems.

Primary studies following Zhikov’s work focused on the minimization of energy functionals
problems related to density functions satisfying unbalanced growth conditions. One notable functional
among these is presented by

| ot + uytvareax )
Q

with Q c R% being a bounded domain, the constants p & q € (1,d) satisfying p < q and u() is a
nonnegative weight, see papers (Baroni et al., 2018; Byun & Oh, 2020; Marcellini, Paolo, 1989) and

references therein. One important characteristic of such functionals (2) lies in the change continuously
between two phases p & g according to the spatial point.

One can observe that problems on minimizing functionals (2) are identified with the studies of
solutions to the associated Euler-Lagrange equation given by
—divT(x,Vu) =0 inQ

when exponents p, q are constants. A natural research direction that follows is the investigation of
—divT(x,Vu) = f(x,u) in Q (3)

with various conditions of the nonlinear term f(x,u). The paper (Colasuonno & Squassina, 2016)
contributed a remarkable result on the core properties of spaces “Musielak-Orlicz-Sobolev” type, defined

for “double phase” problems. Accordingly, further research on solutions of (3) have been developed
rapidly, leading to numerous publications.

In general, approaches used to study problem (3) depend strongly on the conditions imposed on

the reaction term. Due to the “compact embedding” result of Wol‘M“ Q) (see Section 3 for the definition)

into L*(Q), where M, (x,t) :=tP + u(x)t? for (x,t) €A x(0,0) and 1 <a <p*:= ;Tr;,' several

papers addressed the existence of solutions to problem (3) with nonlinearities of growths below
p* (subcritical growths). Even in the case of subcritical growth, approaches are diverse. We refer to (Liu &
Dai, 2018a, 2018b) (Nehari manifold, Fountain and Dual Fountain theorems), (Perera & Squassina, 2018)
(Morse theory), (Farkas et al., 2021) (Finsler manifold) and various references therein. Building upon
studies with constant exponents, recent contributions have been extended to variable exponent cases, and
moreover, with the presence of nonlinearities involving critical growths. The framework of spaces
“Musielak-Orlicz-Sobolev” type related to operators divT(x, Vu) was introduced in (Crespo-Blanco et al.,
2022). Following this, several results for double phase problems with variable exponents have been derived.
Considering problem (1) with K = 1, we refer to (Ho & Winkert, 2023b), (Zeng et al., 2022) with some
interesting results. The inclusion of a Kirchhoff-type term in double phase problems is motivated by
Kirchhoff’s original idea for dynamic problems describing vibration of an elastic string. Extending from
the classical wave equation, Kirchhoff formulated models in which the tension depends on the energy of
the entire string, leading to the “nonlocal” feature. Kirchhoff-type problems driven by the “double phase”
operators with constant exponents have been studied intensively in works (Cen et al., 2023; Fiscella et al.,
2024; Fiscella & Pinamonti, 2023) and references therein. Developments to those with variable exponents
have been discussed after that. More precisely, in (Ho & Winkert, 2023a), the authors considered problem
(1) with 8 = 0 and p —sublinear growth condition of f(x,t). They provided the existence of multiple
solutions with small energy, basing on a result about the boundedness for solutions to double phase
problems in bounded domains, see (Ho & Winkert, 2023b). For further results on the existence of solutions
to Kirchhoff problems with double phase operators involving variable exponents, we refer the reader to
recent papers (Bouaam et al., 2025; EI Ahmadi et al., 2024; Zuo & Massar, 2024), where conditions
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involving nonlinearities were considered variously (superlinear growth, logarithmic form,...). One
common setting for nonlinearities in the aforementioned articles is that nonlinearities satisfy subcritical
growths (below p*(+)), while problems with critical growth settings have been less studied.

Double phase problems of Kirchhoff-type with the presence of a nonlinearity satisfying critical
growths were addressed in some recent works (Colasuonno & Perera, 2025; Ha & Ho, 2024). Particularly,
the “concentration compactness principle” (abbreviated as CCP) of Lions-type was established in (Ha &
Ho, 2024) to overcome the lack of compactness. A notable aspect in (Ha & Ho, 2024) is about CCP
construction with the threshold of critical terms general than that in the foregoing papers. Those critical
terms were introduced for the first time in (Ho & Winkert, 2023b), aiming to provide better description of
critical Sobolev embeddings for spaces driven by double phase operators.

Motivated by the recent progress on Kirchhoff double phase problems, we aim at contributing
some existence results for Kirchhoff critical double phase problems (1), employing ideas used by Chung-
Ho in (Chung & Ho, 2022) and Ho-Sim in (Ho & Sim, 2023). Our main results are twofold: the existence
of a nontrivial solution for Kirchhoff problem (1) in Theorem 1, while the existence of multiple solutions
for that with constant Kirchhoff term is stated in Theorem 2. In both cases, the conditions imposed on the
subcritical term includes type of g —superlinear growth. To deal with the lack of compactness triggered by
the presence of critical term, we exploit the mentioned CCP result in (Ha & Ho, 2024).

We outline the remainder as follows: our main results are presented in Section 2, Section 3
involves mathematical backgrounds, while detailed proofs of our main results are included in Section 4.

MAIN RESULTS

This section presents our two results on the finding of a nontrivial solution and multiple solutions.
Before stating them, let us introduce briefly the definition and some crucial properties of spaces type of
Musielak-Orlicz-Sobolev, associated with double phase operators. For this scope, we introduce the
following function of double phase form:

W(x, t) = wy ()t 4w, ()t (4)
where 73,75 € C4(Q) with 7,(:) <7,(), 0 <w, € L*(Q) and 0 < w, € L®(). The Musielak-Orlicz
spaces associated with W are

LY(Q) = {u is measurable on Q such that py(u) < o},

where py(u) is the modular associated with ¥ and defined by

o () = fﬂ W(x, lul)dx. (5)

We equip L¥(Q) with the Luxemburg norm given by
u
=1 . - < .
llully = inf {7> 0:pu (7) <1}

Recalling from Propositions 2.6 and 2.12 of (Crespo-Blanco et al., 2022), the space L¥ (Q) is a separable
and reflexive Banach space. To look for solutions of problem (1), we define the Musielak-Orlicz-Sobolev
space WH¥(Q) as

W¥(Q) = {u € L¥(Q) and |Vu| € L¥(Q)}
and we also equip W% (Q) with the norm
Hullyw = [lulle + || 1Vul ||g.

We denote by W&"*’(Q) the completion of € () in W (Q). In view of Proposition 2.12 (Crespo-Blanco
etal., 2022), wt¥(Q) and W&"*’(Q) are reflexive Banach spaces.

Throughout the paper, we define the functions M and G as follows

M(x,t) = tPC) 4 1y (x)t9®

(6)

and
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S2(x)
G(x, ) = by ()t @ + by () p(x) 4 ¢5:() (7

forallx € Qand t > 0.
We impose the following assumptions on data:
u, p, q are Lipschitz continuous functions satisfying x(-) = 0,1 < p(:) < q(-) < dand
90 <pO) (1+3).
(A2) by, by, € L®(@)and sy, 5, € C, (5) such that b; (x) > 0,b,(x) = 0,q(x) < s;(x) < p*(x),
p*(x) —s1(x) = q*(x) — s,(x) forall x € Q and

(A1)

M= {x€Q 5;(x) =p" (1), 5,(x) =q" ()} # 0.

The condition (A;) guarantees the critical embedding for the solution space WOl'M (), which is

crucial for our analysis due to the presence of critical exponents. Moreover, under

(A,), the concentration compactness principle holds, which is essential to handle the loss of compactness,
(see Section 3 for details).

For our existence result, we require the following assumptions.
(K) The function K: [0, +0) - R is continuous, non-decreasing on the interval [0, t,) for
some t, > 0 and K, :== K(0) > 0.
P) ) fQIVUIP(X) dx
K = iNfyeco@\(0} W
(fo) There exist a function m € €, (Q) such that ¢* < m™ < m(x) < s;(x) for all x €

Q and a positive constant C such that
If(x, )] < C(1+ [¢[m®-1)foraa x € Qand t € R.

()
There exists a constant o € (g™, s;) such that F(x, ¢t) > 0 and
tf(x,t) —oF(x,t) = 0fora.a.x e Qandt € R,
where F(x, t) denotes a primitive of f(x, t) with respect to t.
(f2) SO gast -0 uniformly for almost all x € Q.

|t[pO-1

Remark that if p(-) = constant then (P) holds automatically. If p(-) £ constant, then (P) satisfies if
there exists & € R\ {0} such that for any x € Q,the function O(t) :== O(x + ) with 7€
{r € R, x + ¢ € Q} is monotone. Moreover, (P) does not fulfill if there is an open ball B(x,, €) centered
at x, with radius € such that p(x,) < p(x) (or p(xg) > p(x)) for all x € B (x,, €), see Theorems 3.1 and
3.3 (Fan et al., 2005) for more details. Notice that from (P) one has

K [ [vIP® < [ [Vu[P® for any v € W, (Q) 8)

Solutions of problem (1) will be looked for in the functional space W::Wol'M (£2), on which we
use the norm || -|| as |||V - |||a¢ (Proposition 2.21, (Crespo-Blanco et al., 2022)). We give the definition of

a “weak solution” for (1) as follows. We say that a function @ € W is a (weak) solution of problem (1) if

K <j T (x, Vﬁ)dx) f T(x,Vii) - Vpdx — ?\j fx, W)edx — 6 f g, Wedx =0
Q Q Q Q
forany @ € W.

We state our first result as follows.
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Theorem 1 Let 8 = 1 and (A,) — (Ay), (K), (P), (fy) — (f2) be satisfied. Moreover, assume

__m0)
that b, € L s10-m0(2). Then there exists a positive A* such that problem (1) possesses a nontrivial
solution u; whenever A € [A*, ). Furthermore, this solution u;, satisfies

lim [u]] = 0. ©)

In addition, we obtain a multiplicity result if we replace (f,) by the condition of locally
superlinear growths at infinity as follows.

(f3) For some ball B Q, there holds limi_ 40 % = +oo uniformly x € B,
tiB

where g3 = max q(x).
X

Theorem 2 Assume that (A,) — (A,), (P), (fy) — (fi) and (f3) hold. Additionally, suppose
that f(x,t) is odd in t. Then for each given 2 > 0 and each j € N, there exists 8; > 0 such that

problem (1) with K = 1 admits at least j pairs of nontrivial solutions whenever 8 € (0, 6;).

One version of the last theorem for weighted p(-) — Laplacian problems can be found in
Theorem 1.2 (Ho & Sim, 2023).

PRELIMINARIES

We consider O ¢ R% as a bounded domain with Lipschitz boundary 4Q and the function W
given in (4). We already defined spaces LY (), WOW(Q) with corresponding norms || - ||, || - ||1,¢. Note
that, if we set w, = 0, the space L (Q) returns to the well-known weighted Lebesgue space with variable
exponent L") (wy, Q) equipped with the norm || - || 11O (w,,0) whose crucial properties can be referred to

(Diening et al., 2011; Ho & Sim, 2016). Furthermore, if w; = 1 we write L)(Q) and || - ||, in the
place of L1 (wy, Q) and || - [1r10y, q) - Fespectively.

The next proposition involves the relation between modular and norm for L¥ (Q), see (Crespo-
Blanco et al., 2022; Ha & Ho, 2024).

Proposition 1

Assuming u € LW(Q), it holds that:

(). ifuz0and [jully =1 py(3)=1
2
(ii). pp(w) <1(>,=1,resp.) e ||lu|lg <1(>=1,resp.)
- T S T S
(i), min{Jull 11l } < pw) < max{[ull, 11ull} ).
As a result, if {u,}en © LY (), then
lim py(u,) =0 © lim ||u,|ly = 0.
n—-oo n—oo
We define M and G as in (6) and (7), respectively. In what follows, (A;) and (A,) always are
satisfied. Note that (A,) implies
5:0) < 5,() = q°().
Recalling the Sobolev conjugate exponent of ¢t(-) < d:
de()
t'() = :
d—t()
In the sequel, notations W; » W, and W; o W, indicate respectively the continuous and compact
embeddings from W, into W,. The following results are found in (Crespo-Blanco et al., 2022).

Proposition 2 (Crespo-Blanco et al., 2022)

@i). If a(-) is continuous and 1 < a(:) < p*(-) then WM () & L2O(Q).
(ii). If a(-) is continuous and 1 < a(-) < p*(-) then WM () oo L2O(0).
Proposition 2.21 (Crespo-Blanco et al., 2022) implies that
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[vllae < ClIIVYlllae Vv € WG ().
Thus, on W (: = W™ (), we will work with an equivalent norm
vl = 11Vllac (= NIVP]]]50)-
The next critical embedding result was proved in (Ho & Winkert, 2023b).
Proposition 3

Let G be given in (7) and assume that b, (-) > 0,b,(-) = 0, by, b, € L*(Q), and s, s, € C,(2).Then it
holds that

(). WM (Q) & LI(0) with s;(x) < p*(x) and s,(x) < g*(x) forall x € 2.
(). Moreover, if s; (x) < p*(x) and s,(x) < q*(x) then WM (Q) oo LI(0).

Due to Proposition 3, it follows that

S:= inf lloll . (10)

@EW\{0} llellg

In the sequel, the notations u, 5 u (resp., u, gu, Uy M—/iu) in X asn — oo ,where X is some
appropriate space, stand for that u,, converges strongly (resp., weakly, weakly*) to u in X asn — o. The
next result is called Lions-type concentration compactness principle stated for the solution space W, which
is crucial to handle the lack of compactness issue. We refer to (Ha & Ho, 2024) for more details.

Proposition 4 (Ha & Ho, 2024)

Let (A;) — (A5) hold and {u, },en is a “bounded sequence in W”. We denote R(ﬁ) by the “space of
finite Radon measures” on {2 and assume that
w W — W —
u,muinW, MGV - ninR(2), GG lup) = pinR(Q),

Then there exist families of distinct points {x;};c;, of non-negative numbers {u;};¢;, {1:}ier € (0, ),
where I is an at most countable, such that

p=GCIuD + Y s, (11
i€l
N> MG VW) + Zmzsxi (12)
iel
1 1 1 1
>3 ) Sy ae) 13
Smin {Mf (xl)'ﬂlq (x) } < max {nlp(xl)’ nlg(xl)} ( )

where &, is the “Dirac mass” at x; and S is given in (10).
We prepare to give proofs for our main results in the next section.

PROOFS OF MAIN RESULTS
The existence of a nontrivial solution
Along this section, we let 8 = 1 and all hypotheses in Theorem 1 are valid. The idea of proof is

employed from (Chung & Ho, 2022). We also use C; with i € N to denote positive constants, which depend
only on the initial data and values may change differently lines through lines.

Due to the facts that g* < o and K is continuous, non-decreasing on [0, t,), we choose t, so that
0 < t, < min{1, tx}, and

K(t.)q" < Kqo. (14)
Define a modification of K as
— .~ _(K@®ift€[0,t,]
k(&) = {K(t*) ift >t,

Clearly, K: [0, ) — [0,90) which is continuous, non-decreasing and satisfies
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Ko < K(t) < K(¢,) forall t € [0,00) (15)

consequently,
Kot <R(t) = f tf((r)dr < K(t)t for t € [0, 00). (16)
0
For any A > 0, we consider the modified functional J,: W — R associated with problem (1) as
Jaw) =K (fQT(x, Vu)dx) - Aan(x,u)dx - fné(x, w)dx ,Vu e W

where G(x,") is the anti-derivative of g(x,-), that is

by (x)
52(x)

R 52 _
G, 6) = 22|t + 2 () a0 [ for (x,6) € D x R
2

Using Proposition 2, Proposition 3 with standard arguments, the functional J, belongs to class ¢ with
derivative J3: W — W* given by

Ji(w), 9) = K(fﬂf]"(x, Vu)dx> fQT(x, Vu). Vo dx — A fnf(x, u)p dx — fng(x, u) dx

forall u,p € W.

We will look for a critical point u, of J; satisfying fnT(x, Vu,)dx < t,, which becomes a solution of
problem (1).

The following lemma is a compactness result of J,. Recalling that a sequence {u,}pey € W is
said to be a (PS) sequence for J; in W atalevel L € R if it satisfies

Ja(up) - Land J3(u,) » 0asn — oo,
Lemma 1
Suppose that {u,}nen is a (PS) sequence for J; in W at level L € R and L satisfies

b< (35 mingi g mins ™ 5773 (17)

o s

where T, = (ﬁ)_, T, = (%)Jr, ny = (;Z‘fp)_, ny = (p‘ii)Jr. Then, the sequence {u,,},cy admits
a subsequence converging strongly in /.
Proof.
Let us claim firstly that {u,, },ey is bounded in W. One has from (15)-(16) that
K(t.)
-

K—f:f M(x, |[Vv|)dx < E(f T (x, Vv)dx> < fM(x, Vo)) dx, Vv eWw. (18)
q’ Jo Q Q

Using Proposition 1 together with (f;), (14) and the above inequality, for n € N large it holds that

1
L+ 1+ lupll 2 Ja(un) - E(]ﬁ(un),un)

K, K(t.) A
> <q_+ - )fﬂ]\/[(x, |Vu, Ddx + ;fﬂ[f(x, Up)Uy, — oF (x, uy)]dx

1 1
N <g_§) L G, lunl)dx

2 G ([Junl P = 1)

(19)

which yields the boundedness of {u,} in W (due to p~ > 1). Thus, by means of a subsequence, it follows
from Proposition 4 that
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u,(x) »ulx) aaxeQ (20)
Uy 50 inw (21)
MV un ) 550 2 M [Vul) + ) i 8y, in R(D) (22)
i€l
GGl % 1= GG, 1D + ) by, in R(2) (23)
i€l
R U 11
Smin {H?*(x"),ug*(xi) } < max {nf(xi)‘ nlq(xt)} (24)

To obtain the strong convergence of a subsequence {u,} in W, we are going to show “I = @”. Assuming

for contradiction, there exists some i € I. Using (20)-(24) and applying identical arguments used in the
proof of Lemma 5.1 (Ha & Ho, 2024) , we obtain

i = min{K,', K,* } min{S™, ™2 }. (25)

Meanwhile, the assumption (f;), (18) and the property (PS). of {u,} imply that

L+ 00(1) 2 Ja () = =), )

K, K(t,) A
> (q—+ -= > fnm(x, V) + = fn[f(x, )ty — oF (11, )] dae

1 1
+(5- ) [ b

which leads to L + 0, (1) = (5 = =) [, G(x, lun .

Letting n — oo in the last estimate and taking (23), (25) into account, we deduce
1 1 1 1 T L Tan e reme em
L= ;—E n = ;—E min{K;*, K, } min{S™ ,S"2 },
which contradicts to (17). Hence, we must have I = @. Thus, we deduce from (23) that
[ g tunbdx » [ Geulubdx asn - .
Q Q
Combining this with (20) and Lemma 4.3 (Brezis-Lieb type) in (Ha & Ho, 2024), we derive

Uy uin L5(Q)

Finally, by virtue of Theorem 3.3 (Crespo-Blanco et al., 2022) and reasoning as in the last part of
Theorem 5.1 (Ha & Ho, 2024), we obtain a strong convergent subsequence of {u,,}inW. m

The next lemma is about the geometry mountain pass property of J;.
Lemma 2

For any 1 > 0, J, satisfies the following two facts.

(). There are positive numbers § and p such that J; (w) = p for all u €W with ||u|| = 4.
(ii). Thereisa ¢; € W with ||@;]| > & holding J;(p;) < 0.

Proof.
We show (i). Thanks to Proposition 2 and Proposition 3, let us choose a constant C; > 1 such that

max{||u||m(.), ||u||g} < Cy||u|| forallu e W.

Assumptions (f;) and (f,) imply that
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KOK

|F(x,t)] <= Itlp(")+C [t|™® forallt € Randa.ax € Q.

(27)

where k is given in (P).
Combining Proposition 1 with (8), one has
KO KO KoK
W > —f M (x, |Pul)dx + —f PulP®dx ——f ulP®dx — ¢ f || dx
Ja 2q* J, 2q* Jg 2q* ), 2 o)
1
-5 e b

1 sf
_2+ | 2 7 dx — G max{lul el ey } = g=max (Il I 1l

for all u € W. Thanks to (26)-(27), the last estimate implies
Jiw) = C3 f M (x, |7ul)dx — Cs max{|[u||™, [[u||™"} = Cs max{||ul|*F, ||u||%},
N

Vuew.
Therefore, for any u € W with ||u|| = § € (0,1), we get from Proposition 1 and the last inequality that
Ja@) = Cal[ull®” = Cal[ull™ = Csl[ul|F = C369" — C36™ — C38%.
Since gt <m™ < s7 (by (fy)), for § € (0,1) small enough we deduce
p = C369" — C36™ — (365 > 0.

Now we show (ii). Let u, € C°(22) \ {0} be fixed. Note that F(x, t) > 0 due to (f;), then forany ¢t >
1 we have

Ja(tw,) < At — A t5T
where 4, = ’“”(f M Cx, |7 )dx) and 4, = +f G(x, [w.Ddx.

Since gt < sy, the last inequality implies that there exists t, (1) > 0 sufficiently large such that
t(D[|u]] > 8 and J, () < 0 with @, = t;(A)u.. Hence, (ii) follows. ]

For each 1 > 0, with ¢, given in Lemma 2, we define

= mf max J;(h(t)). (28)

telo,1]
where I3 := {h € C([0,1], W): h(0) = O,h(l) =@y}

The next lemma involves the existence of a (PS) sequence for J,, which is crucial to get a critical
point.

Lemma 3

It holds that c; > 0. Moreover, there exists a sequence {u, },eny < W so that {u,,},en is a (PS)
sequence at level ¢, for J, in W, that is
Ja(un) = c3,and J(uy) = 0 as n - o,

The proof is followed by the combination of Lemma 2 with a general version of “Mountain Pass
Theorem” stated in Lemma 3.1 (Azorezo & Alonso, 1991). We omit the details for the brevity.

We are now in position proving Theorem 1.
Proof of Theorem 1
We take {u,},en as the sequence found in Lemma 3. We are going to show that

c; > 0asA— +oo. (29)
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To this end, let {1, },en < (0, o) be such that A, - o as n — oo. Following the proof of Lemma 2,for
eachn € N and u, € C2°(12) be fixed with [|u,|| # 0, J,, (tu,) attains maximum at some t = t,, >

0. Consequently, we have — ]ln

= 0; thus, it holds that
=tn

K (LT(x, t,Vu, )dx) LM(x, [t Vu,]) dx (30)
=1, ff(x, tau)tau, dx + fg(x, tolu.) dx.
0 0

Since f(x,7)T > 0 fora.ax € 2 and t € R (due to (f;)), we obtain from (30) that

K (LT(x, taVu, )dx) f M(x, |t,Vu,|) dx = fg(x, tnlu.)dx (31)
> mln Sl ts2 fg(x |u,|)dx.

On the other hand, thanks to (15) we deduce

E(f T (x, t,Vu, )dx)f]v[(x, |t Vu,]) dx
0 Q

< K(t, )max{ 5 tq fM(x |[Vu,|) dx. (32)

Since s; > g%, (31) and (32) imply that {¢,,},.en is bounded, hence, by extracting subsequence, if
necessary, we have

ty, > t=0.

We are going to show that £ = 0. By contrast, we assume £ > 0. In (30), we pass the limitas n — oo.
For the left side of (30), we have

I?(J- T (x, t,Vu, )dx)f]\/[(x, [t Vu,]) dx - E([T(x, tVu, )dx>fM(x, [EVu,|) dx < o
n n n n
meanwhile, for the right side, since 1,, = o asn — oo, it holds
An ff(x, tau)tyu, dx + fg(x, tylu,]) dx - oo.
n N
Thus, we get the contradiction and so Al_r)rgo t, = 0.

For each n € N, we consider the path 9,,(t) == tg,_, where @, _is given in Lemma 2. Hence, one
has 9, € I3 . In view of Lemma 2-(ii), we have

"tlzaolen(tu*) Ja, (tw.) = max ]An(t(/’/ln) = max J3, (9, (0)).

Ot(/l) te[0,1]

Thus, formula (28) of c; provides

0 <er, < X 13, 0n(D) = maxJy, (tw,) =], (tate)

<K (f T (x, thu*)dx> K. )max {tﬁ ] }
Q p-
Because lim t,, = 0, we get (29). This result enables us to take a A# > 0 such that
n—-oo
1 1 . T T . #
< P min{K,*, K,? } min{S™ ,5"2}, VA > A",
1
Then, extracting a subsequence, if necessary, we deduce from Lemma 1

N
U, ~>uy inWasn— oo,
Hence, u; is a critical point of the modified functional J. Since J,(u3) = ¢; > 0, uy is nontrivial.

We need to return u, to a solution of problem (1), to this end, we show that fQT(x, Vuy)dx < t,. Using
(f1), one has
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Ko  K(t.)

& = JaCun) = 55w, u) = (32—

) S M, [Vup ) dx.
Therefore, (29) follows
/%1_)11010 fﬂ]\/l‘(x, [Vuy]) dx = 0, (33)

leading to
lim J-T(x,VuA)dx =0.
A—>00 Q
As a consequence, there is A* > A% so that fﬂT(x,V uy)dx < t,, V1> A*. Finally, we show (9). Indeed,

this conclusion can be obtained easily from (33) and the following fact

min{] [u |97, [[ua| [P~ } < f, M Cx, [V ) dix. .

The multiplicity result

The proof of Theorem 2 is almost similar with that in Theorem 1.2 (Ho & Sim, 2023). The key
difference is that we use Proposition 4 instead of Theorem 2.7 (Ho & Sim, 2023) to obtain the compactness
of the energy functional. For the brevity, the proof details are not included here.
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TOM TAT
Trong bai bdo nay, chiing t6i nghién cliu mét I6p phuong trinh phi tuyén, thudc linh vuc phuong
trinh dao ham riéng, chua toan t& pha kép s6 ma bién. Cu thé hon, chiing tdi xét cac bai toan chia
toadn tr cé dang

div (1§1PD72¢ + p(x)]190972)
cung vdi s6 hang phi dia phuong. Céc bai todn chia todn t&r dang nay xuat hién trong cac Uing
dung thudc nhiéu linh vuc khac nhau, chdng han trong cac qua trinh phan tng-khuéch tan, ly
thuyét dan héi phi tuyén, co hoc chat Iéng hay vat ly lugng tr.
Mot tinh chét dac biét clia toan t& " pha kép" la khd nang thay déi lién tuc giia cac pha khac nhau
theo cac diém trong khong gian. Hién tugng nay lam cho cac bai toan lién quan toan ti pha kép
tré nén khac biét va chita nhiéu thach thic hon so véi cac bai toan cé dién Laplacian trude d6. Hon
thé n(ra, bai todn chung téi xét trong nghién ctu nay cling chia cac s6 hang phan tng (sé hang
phi tuyén) véi cac tang trudng téng quat, két hop gita tang trudng *dudi téi han' va “téi han”, do
d6 bao ham cac I6p phuong trinh réng hon so vai mot s6 nghién cdu trudc doé.
Muc tiéu ctia chidng toi trong nghién cliu nay la thu dugc su tén tai nghiém (yéu) ctia bai toan va
dang diéu nghiém. Nghiém bai toan dugc xay dung trong khong gian Musielak-Orlicz-Sobolev lién
két toan ti pha kép. Phuong phap nghién ctu dugc xay dung dua trén céc ly thuyét cla giai tich
bién phan, dua nghiém cla bai todn vé diém t&i han clia phiém ham nang lugng tuong tng. Ly
thuyét diém téi han doi héi tinh compact clia phiém ham nang lugng. Khi bac téng truéng clia
cac phi tuyén la dudi téi han, tinh compact clia phiém ham nang lugng thu dugc khong kho khéan
thong qua cac phép nhing Sobolev. Tuy nhién, khi phi tuyén chira bac tang trudng téi han, tinh
compact clia cac phép nhing Sobolev khéng con nira. BE khic phuc diéu nay, ching téi can su
dung két qua vé nguyén ly compact tap trung cta Lions, dugc thiét lap cho cac khong gian vai
toan tir pha kép da dugc cong bé trudce do.
Tu khoa: toan ti pha kép, cac bai toan Kirchhoff, s6 ma bién, tang trudng téi han

Trich dan bai bao nay: Ha H H, Thanh Xuan D T. MOT SO KET QUA TON TAI NGHIEM CHO BAI TOAN
KIRCHHOFFPHA KEP V61 CAC PHI TUYEN CHUA TANG TRUGNG TREN TUYEN TiNH VA TG1 HAN.
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