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ABSTRACT
In this paper, we aim at investigating a class of nonlinear elliptic problems involving double-
phase operators with variable exponents. More precisely, we consider differential operators of
the form

together with a nonlocal term. Such problems arise in a variety of applications, including
reaction–diffusion processes, nonlinear elasticity, non-Newtonian fluid mechanics, and quan-
tum physics.
One of the distinguishing features of the double-phase operator is its ability to continuously
switch between different elliptic phases depending on the spatial position. This phenomenon
significantly increases the analytical complexity of the associated problems and distinguishes
them from classical (p)-Laplacianmodels. The reaction term considered in this work combines
both subcritical and critical growth nonlinearities, thereby encompassing a broader class of
equations than those treated in many previous studies.
Our main objective is to establish the existence of weak solutions and to analyze their qual-
itative properties. The problem is studied in an appropriate Musielak–Orlicz–Sobolev space
associated with the double-phase structure. The variational approach serves as the primary
analytical framework, allowing the solutions to be characterized as critical points of the cor-
responding energy functional. To this end, we verify the geometric conditions required by
critical point theory and investigate the compactness properties of the functional. While com-
pactness follows directly from Sobolev-type embeddings in the subcritical case, the presence
of critical growth leads to a loss of compactness. To overcome this difficulty, we employ a
concentration–compactness principle of Lions type adapted to the present setting, which en-
ables us to recover the compactness necessary for the variational analysis. Our results con-
tribute and complement several existing results and provide a flexbile variational framework
that can be applied to classes with similar differential operators.
Key words: ``double phase operators'', ``Kirchhoff double phase problems'', ``variable
exponents'', ``critical growths''

INTRODUCTION

 

This work is devoted to examining some existence results for the following Kirchhoff-type 

problems, involving “double phase operator” 

{
−𝐾 (∫𝒯(𝓍, ∇𝓊)𝒹𝓍

Ω
)div𝑇(𝓍, ∇𝓊) = 𝜆𝑓(𝑥, 𝑢) + 𝜃𝑔(𝑥, 𝑢) 𝑖𝑛 Ω

𝑢 = 0 𝑜𝑛 𝜕Ω

 

 

(1) 

where Ω ⊂ ℝd  (𝑑 ≥ 2) denotes a bounded domain whose the boundary is Lipschitz; the functions 

𝒯: Ω × ℝ𝑑 → ℝ and  𝑇:Ω × ℝ𝑑 → ℝ𝑑 are defined by 

𝒯(𝑥, ξ) ≔
|ξ|𝑝(𝑥)

𝑝(𝑥)
+ 𝜇(𝑥)

|ξ|𝑞(𝑥)

𝑞(𝑥)
 

and 

𝑇(𝑥, ξ) ≔ ∇ξ𝒯(𝓍, ξ) = |ξ|
𝑝(𝑥)−2𝜉 + 𝜇(𝑥)|ξ|𝑞(𝑥)−2𝜉 

where 𝑝 𝑎𝑛𝑑 𝑞 ∈ 𝐶+(Ω) ≔ {𝑙 ∈ 𝐶(Ω), 1 < 𝑙−: =  min
𝜉∈Ω 

𝑙 (𝜉) ≤ 𝑙+ ≔ max
𝜉∈Ω

𝑙(𝜉)} ; 𝜇(⋅) ≥ 0;   

𝐾: [0,∞) → ℝ, which is called Kirchhoff term; 𝜆, 𝜃 are positive real parameters; 𝑓(𝑥, 𝑢) 𝑖𝑠 a “Carathéodory 

function” involving superlinear growths; while 𝑔(𝑥, 𝑢) is the function given by 

“𝑔(𝑥, 𝑢) ≔ 𝑏1(𝑥)|𝑢|
𝑠1(𝑥)−2𝑡 + 𝑏2(𝑥)𝜇(𝑥)

𝑠2(𝑥)

𝑞(𝑥)
 
|𝑢|𝑠2(𝑥)−2𝑢 for (𝑥, 𝑢) ∈  Ω × ℝ ” 

  

𝑑𝑖𝑣 (|𝜉 |𝑝(𝑥)−2𝜉 + 𝜇(𝑥 )|𝜉 |𝑞(𝑥)−2𝜉 )  
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where 𝑏1(⋅) > 0, 𝑏2(⋅) ≥ 0 such that 𝑏1, 𝑏2 ∈ 𝐿
∞(Ω), exponents 𝑠1, 𝑠2 ∈ 𝐶+(Ω) and possibly reach the 

critical thresholds. 

 Since the pioneering research of (Zhikov, 1987) on energy functionals with non-homogenous 

density in the context of elastic theory, problems involving operators so-called “double phase” have been 

an interesting topic for numerous researchers. Boundary value problems with double phase operators, 

beyond their profound applications in many fields ( reaction-diffusion models, fluid mechanics, quantum 

physic…, ) see (Bahrouni et al., 2019; Benci et al., 2000; Cherfils & Il’yasov, 2005) for more details, pose 

significant differences compared to problems with homogenous elliptic operators as existing  𝑝-Laplacian 

problems.   

Primary studies following Zhikov’s work focused on the minimization of energy functionals 

problems related to density functions satisfying unbalanced growth conditions. One notable functional 

among these is presented by 

∫  [|∇𝑢|𝑝 + 𝜇(𝑥)|∇𝑢|𝑞]𝑑𝑥
Ω

, (2) 

with Ω ⊂ ℝ𝑑 being a bounded domain, the constants 𝑝 & 𝑞 ∈ (1, 𝑑) satisfying 𝑝 < 𝑞 and 𝜇(⋅) is a 

nonnegative weight, see  papers (Baroni et al., 2018; Byun & Oh, 2020; Marcellini, Paolo, 1989) and 

references therein. One important characteristic of such functionals (2) lies in the change continuously 

between two phases 𝑝 & 𝑞 according to the spatial point.  

One can observe that problems on minimizing functionals (2) are identified with the studies of 

solutions to the associated Euler-Lagrange equation given by 

−div𝑇(𝑥, ∇𝑢) = 0   𝑖𝑛 Ω 

when exponents 𝑝, 𝑞 are constants. A natural research direction that follows is the investigation of 

−div𝑇(𝑥, ∇𝑢) = 𝑓(𝑥, 𝑢) 𝑖𝑛 Ω (3) 

with various conditions of the nonlinear term 𝑓(𝑥, 𝑢).  The paper (Colasuonno & Squassina, 2016) 

contributed a remarkable result on the core properties of spaces “Musielak-Orlicz-Sobolev” type, defined 

for “double phase” problems. Accordingly, further research on solutions of (3) have been developed 

rapidly, leading to numerous publications.  

In general, approaches used to study problem (3) depend strongly on the conditions imposed on 

the reaction term. Due to the “compact embedding” result of 𝑊0
1,ℳ𝒸(Ω) (see Section 3 for the definition) 

into 𝐿𝛼(Ω), where ℳ𝒸(𝑥, 𝑡) ≔ 𝑡𝑝 + 𝜇(𝑥)𝑡𝑞   for  (𝑥, 𝑡) ∈ Ω × (0,∞) and 1 ≤ 𝛼 < 𝑝∗ ≔
𝑑𝑝

𝑑−𝑝
, several 

papers addressed the existence of solutions to problem (3) with nonlinearities of growths below 

𝑝∗ (subcritical growths). Even in the case of subcritical growth, approaches are diverse. We refer to (Liu & 

Dai, 2018a, 2018b) (Nehari manifold, Fountain and Dual Fountain theorems), (Perera & Squassina, 2018) 

(Morse theory), (Farkas et al., 2021) (Finsler manifold) and various references therein. Building upon 

studies with constant exponents, recent contributions have been extended to variable exponent cases, and 

moreover, with the presence of nonlinearities involving critical growths. The framework of spaces 

“Musielak-Orlicz-Sobolev” type related to operators divT(𝑥, ∇𝑢) was introduced in (Crespo-Blanco et al., 

2022). Following this, several results for double phase problems with variable exponents have been derived. 

Considering problem (1) with 𝐾 = 1, we refer to (Ho & Winkert, 2023b), (Zeng et al., 2022) with some 

interesting results. The inclusion of a Kirchhoff-type term in double phase problems is motivated by 

Kirchhoff’s original idea for dynamic problems describing vibration of an elastic string. Extending from 

the classical wave equation, Kirchhoff formulated models in which the tension depends on the energy of 

the entire string, leading to the “nonlocal” feature. Kirchhoff-type problems driven by the “double phase” 

operators with constant exponents have been studied intensively in works (Cen et al., 2023; Fiscella et al., 

2024; Fiscella & Pinamonti, 2023) and references therein. Developments to those with variable exponents 

have been discussed after that. More precisely, in (Ho & Winkert, 2023a), the authors considered problem 

(1) with 𝜃 = 0 and 𝑝 −sublinear growth condition of 𝑓(𝑥, 𝑡). They provided the existence of multiple 

solutions with small energy, basing on a result about the boundedness for solutions to double phase 

problems in bounded domains, see (Ho & Winkert, 2023b).  For further results on the existence of solutions 

to Kirchhoff problems with double phase operators  involving variable exponents, we refer the reader to 

recent papers (Bouaam et al., 2025; El Ahmadi et al., 2024; Zuo & Massar, 2024), where conditions 
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involving nonlinearities were considered variously (superlinear growth, logarithmic form,…). One 

common setting for nonlinearities in the aforementioned articles is that nonlinearities satisfy subcritical 

growths (below 𝑝∗(⋅)), while problems with critical growth settings have been less studied.  

Double phase problems of Kirchhoff-type with the presence of a nonlinearity satisfying critical 

growths were addressed in some recent works (Colasuonno & Perera, 2025; Ha & Ho, 2024). Particularly, 

the “concentration compactness principle” (abbreviated as CCP) of Lions-type was established in (Ha & 

Ho, 2024) to overcome the lack of compactness. A notable aspect in (Ha & Ho, 2024) is about CCP 

construction with the  threshold of critical terms general than that in the foregoing papers. Those critical 

terms were introduced for the first time in (Ho & Winkert, 2023b), aiming to provide better description of 

critical Sobolev embeddings for spaces driven by double phase operators. 

Motivated by the recent progress on Kirchhoff double phase problems, we aim at contributing 

some existence results for Kirchhoff critical double phase problems (1), employing ideas used by Chung-

Ho in (Chung & Ho, 2022) and Ho-Sim in  (Ho & Sim, 2023). Our main results are twofold: “the existence 

of a nontrivial solution for Kirchhoff problem  (1) in Theorem 1, while the existence of multiple solutions 

for that with constant Kirchhoff term is stated in Theorem 2. In both cases, the conditions imposed on the 

subcritical term includes type of 𝑞 −superlinear growth. To deal with the lack of compactness triggered by  

the presence of critical term, we exploit the mentioned CCP result in (Ha & Ho, 2024)”.  

We outline the remainder as follows: our main results are presented in Section 2, Section 3 

involves mathematical backgrounds, while detailed proofs of our main results are included in Section 4. 

This section presents our two results on the finding of a nontrivial solution and multiple solutions. 

Before stating them, let us introduce briefly the definition and some crucial properties of spaces type of 

“Musielak-Orlicz-Sobolev”, associated with “double phase operators”. For this scope, we introduce the 

following function of “double phase” form: 

Ψ(𝑥, 𝑡) ≔ 𝑤1(𝑥)𝑡
𝑟1(𝑥) +𝑤2(𝑥)𝑡

𝑟2(𝑥), (4) 

where 𝑟1, 𝑟2 ∈ 𝐶+(Ω) with 𝑟1(⋅) < 𝑟2(⋅), 0 < 𝑤1 ∈ 𝐿
∞(Ω) and 0 ≤ 𝑤2 ∈ 𝐿

∞(Ω). The Musielak-Orlicz 

spaces associated with Ψ are 

𝐿Ψ(Ω) ≔ {𝑢 is measurable on Ω such that  𝜌Ψ(𝑢) < ∞}, 

where 𝜌Ψ(𝑢) is the modular associated with Ψ and defined by 

ρΨ(𝑢) ≔ ∫Ψ(𝑥, |𝑢|)𝑑𝑥
Ω

. (5) 

 

We equip  𝐿Ψ(Ω) with the Luxemburg norm given by 

||𝑢||Ψ ≔ 𝑖𝑛𝑓 { 𝜏 > 0: 𝜌Ψ (
𝑢

𝜏
) ≤ 1}. 

Recalling from Propositions 2.6 and 2.12 of (Crespo-Blanco et al., 2022), “the space 𝐿Ψ(Ω) is  a separable 

and reflexive Banach space”. To look for solutions of problem (1), we define the “Musielak-Orlicz-Sobolev 

space” 𝑊1,Ψ(Ω) as 

“𝑊1,Ψ(Ω) ≔ { 𝑢 ∈ 𝐿Ψ(Ω) and |∇𝑢| ∈ 𝐿Ψ(Ω)}” 

and we also equip  𝑊1,Ψ(Ω) with the norm 

“||𝑢||1,Ψ ≔ ||𝑢||Ψ + || |∇𝑢| ||Ψ.” 

We denote by “𝑊 0 
1,Ψ(Ω) the completion of 𝐶𝑐

∞(Ω) in 𝑊1,Ψ(Ω)”. In view of Proposition 2.12 (Crespo-Blanco 

et al., 2022),  “𝑊1,Ψ(Ω) and 𝑊 0 
1,Ψ(Ω) are reflexive Banach spaces”.  

Throughout the paper, we define the functions ℳ and 𝒢 as follows   

 ℳ(𝑥, 𝑡) ≔ 𝑡𝑝(𝑥) + 𝜇(𝑥)𝑡𝑞(𝑥) 

 
(6) 

and 

MAIN RESULTS
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𝒢(𝑥, 𝑡) ≔ 𝑏1(𝑥)𝑡
𝑠1(𝑥) + 𝑏2(𝑥)𝜇(𝑥)

𝑠2(𝑥)
𝑞(𝑥)

 
𝑡𝑠2(𝑥)  

(7) 

 

for all 𝑥 ∈ Ω 𝑎𝑛𝑑 𝑡 ≥ 0.    

We impose the following assumptions on data: 

(𝒜1) 
“𝜇, 𝑝, 𝑞 are Lipschitz continuous functions satisfying  𝜇(⋅) ≥ 0, 1 < 𝑝(⋅) < 𝑞(⋅) < 𝑑 and 

𝑞(⋅) < 𝑝(⋅) (1 +
1

𝑑
).” 

  (𝒜2) “𝑏1, 𝑏2 ∈ 𝐿
∞(Ω) and 𝑠1, 𝑠2 ∈ 𝐶+ (Ω) such that 𝑏1(𝑥) > 0, 𝑏2(𝑥) ≥ 0, 𝑞(𝑥) < 𝑠1(𝑥) ≤ 𝑝

∗(𝑥),

𝑝∗(𝑥) − 𝑠1(𝑥) = 𝑞
∗(𝑥) − 𝑠2(𝑥) for all 𝑥 ∈ Ω and  

Π ≔ { 𝑥 ∈ Ω:  𝑠1(𝑥) = 𝑝
∗ (𝑥),   𝑠2(𝑥) = 𝑞

∗(𝑥)}  ≠ ∅.” 

The condition (𝒜1) guarantees the critical embedding for the solution space 𝑊0
1,ℳ(Ω), which is 

crucial for our analysis due to the presence of critical exponents. Moreover, under  

  (𝒜2), the “concentration compactness principle” holds, which is essential to handle the loss of compactness, 

(see Section 3 for details).  

For our existence result, we require the following assumptions. 

      (𝐾)  The function 𝐾: [0,+∞) → ℝ is “continuous, non-decreasing” on the interval [0, 𝑡0) for 

some 𝑡0 > 0 and 𝐾0 ≔ 𝐾(0) > 0. 

(𝑃) 
κ ≔ 𝑖𝑛𝑓𝑣∈𝐶𝑐∞(Ω)∖{0}

∫ |∇𝑣|𝑝(𝑥)Ω
𝑑𝑥

∫ |𝑣|𝑝(𝑥)Ω
𝑑𝑥

> 0. 

(𝑓0) There exist a function  𝑚 ∈ 𝐶+(Ω) such that 𝑞+ < 𝑚− ≤ 𝑚(𝑥) < 𝑠1(𝑥) for all 𝑥 ∈

Ω and a positive constant 𝐶 such that 

                         |𝑓(𝑥, 𝑡)| ≤ 𝐶(1 + |𝑡|𝑚(𝑥)−1) for a.a. 𝑥 ∈ Ω and 𝑡 ∈ ℝ. 

(𝑓1) 
There exists a constant 𝜎 ∈ (𝑞+, 𝑠1

−) such that 𝐹(𝑥, 𝑡) > 0 and  

𝑡𝑓(𝑥, 𝑡) − 𝜎𝐹(𝑥, 𝑡) ≥ 0 for 𝑎. 𝑎. 𝑥 ∈ Ω and 𝑡 ∈ ℝ, 

where 𝐹(𝑥, 𝑡) denotes a primitive of 𝑓(𝑥, 𝑡) with respect to 𝑡.  

(𝑓2) 𝑓(𝑥,𝑡)

|𝑡|𝑝(𝑥)−1
→ 0 as 𝑡 → 0“uniformly for almost all 𝑥 ∈ Ω.” 

Remark that if “𝑝(⋅) ≡ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 then (𝑃) holds automatically. If 𝑝(⋅) ≢  𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, then (𝑃)  satisfies if 

there exists  𝜉 ∈ ℝ𝑑 ∖ {0} such that for any 𝑥 ∈ Ω, the function Θ(𝜏) ≔ Θ(𝑥 + 𝜏𝜉) with 𝜏 ∈

{𝜏 ∈ ℝ, 𝑥 + 𝜏𝜉 ∈ Ω} is monotone. Moreover, (𝑃) does not fulfill if there is an open ball 𝐵(𝑥0, 𝜖) centered 

at 𝑥0 with radius 𝜖 such that 𝑝(𝑥0) < 𝑝(𝑥) (or 𝑝(𝑥0) > 𝑝(𝑥)) for all 𝑥 ∈ 𝜕𝐵(𝑥0, 𝜖)”, see Theorems 3.1 and 

3.3 (Fan et al., 2005) for more details. Notice that from  (𝑃) one has 

κ∫ |𝑣|𝑝(𝑥)Ω
≤ ∫ |∇𝑣|𝑝(𝑥)Ω

 for any v ∈ 𝑊0
1,ℳ(Ω) (8) 

Solutions of problem (1) will be looked for in the functional space 𝑊:=𝑊0
1,ℳ(Ω), on which we 

use the norm || ⋅|| as |||∇ ⋅ |||ℳ  (Proposition 2.21, (Crespo-Blanco et al., 2022)).  We give the definition of 

a “weak solution” for (1) as follows. “We say that a function  𝑢̃  ∈ 𝑊 is a (weak) solution of problem (1) if 

𝐾 (∫𝒯(𝓍, ∇𝑢̃)𝑑𝑥
Ω

)∫𝑇(𝑥, ∇𝑢̃)
Ω

⋅ ∇φ𝑑𝑥 − λ∫𝑓(𝑥, 𝑢̃)φ𝑑𝑥
Ω

− 𝜃∫𝑔(𝑥, 𝑢̃)φ𝑑𝑥
Ω

= 0 

for any φ ∈ 𝑊.” 

  We state our first result as follows. 

Science & Technology Development Journal – Engineering and Technology 2026, ():1-10
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Theorem 1 Let 𝜃 = 1 𝑎𝑛𝑑 (𝒜1) − (𝒜2), (𝐾), (𝑃), (𝑓0) − (𝑓2) be satisfied. Moreover, assume 

that 𝑏1 ∈ 𝐿
−

𝑚(⋅)

𝑠1(⋅)−𝑚(⋅)(𝛺). Then there exists a positive 𝜆∗ such that problem (1) possesses a nontrivial 

solution 𝑢𝜆 whenever  𝜆 ∈ [𝜆∗,∞). Furthermore, this solution 𝑢𝜆 satisfies 

lim
𝜆→∞

||𝑢𝜆|| = 0. (9) 

In addition, we obtain a multiplicity result if we replace (𝑓2) by the condition of locally 

superlinear growths at infinity as follows. 

(𝑓3) For some ball ℬ ⊂ Ω, there holds 𝑙𝑖𝑚𝑡→+∞ 
𝑓(𝑥,𝑡)

𝑡𝑞ℬ
+ = +∞ uniformly  𝑥 ∈ ℬ, 

 where 𝑞ℬ
+ ≔ max

𝑥∈ℬ
𝑞(𝑥). 

Theorem 2 Assume that (𝒜1) − (𝒜2), (𝑃), (𝑓0) − (𝑓1) and (𝑓3) hold.   Additionally, suppose 

that 𝑓(𝑥, 𝑡) is odd in 𝑡. “Then for each given 𝜆 > 0  and each 𝑗 ∈ 𝑁, there exists 𝜃𝑗 > 0 such that 

problem (1) with 𝐾 = 1 admits at least 𝑗 pairs of nontrivial solutions whenever 𝜃 ∈ (0, 𝜃𝑗).” 

One version of the last theorem for weighted 𝑝(⋅) − Laplacian problems can be found in 

Theorem 1.2 (Ho & Sim, 2023). 

We consider Ω ⊂ ℝ𝑑  as “a bounded domain with Lipschitz boundary 𝜕Ω and the function Ψ  

      

   

 

     

    

 

 

 

    “ 

(i). if 𝑢 ≠ 0 𝑎𝑛𝑑  ||𝑢||Ψ = 𝜆 ⇔ 𝜌Ψ (
𝑢

𝜆
) = 1 

(ii). 𝜌𝛹(𝑢) < 1 (>,= 1, resp. ) ⇔ ||𝑢||𝛹 < 1 (>,= 1, resp. ) 

(iii). min {||𝑢||𝛹
𝑟1
−

, ||𝑢||𝛹
𝑟2
+

} ≤ 𝜌𝛹(𝑢) ≤ max {||𝑢||𝛹
𝑟1
−

, ||𝑢||𝛹
𝑟2
+

} . ” 

As a result, if {𝑢𝑛}𝑛∈𝑁 ⊂ 𝐿
𝛹(𝛺), then  

lim
𝑛→∞

𝜌Ψ(𝑢𝑛) = 0  ⇔ lim
𝑛→∞

||𝑢𝑛||𝛹 = 0. 

We define ℳ and 𝒢 as in (6) and (7), respectively. In what follows, (𝒜1) and (𝒜2) always are 

satisfied. Note that (𝒜2) implies 

𝑠1(⋅) ≤ 𝑠2(⋅) ≤ 𝑞
∗(⋅). 

Recalling the Sobolev conjugate exponent of 𝑡(⋅) < 𝑑: 

𝑡∗(⋅) ≔
𝑑𝑡(⋅)

𝑑 − 𝑡(⋅)
. 

  

   

  

(i). If  𝛼(⋅) is continuous and 1 ≤ 𝛼(⋅) ≤ 𝑝∗(⋅) then 𝑊1,ℳ(𝛺) ↪  𝐿𝛼(⋅)(𝛺). 

(ii). If 𝛼(⋅) is continuous and 1 ≤ 𝛼(⋅) < 𝑝∗(⋅) then 𝑊1,ℳ(𝛺) ↪↪  𝐿𝛼(⋅)(𝛺). 

Proposition 2.21  (Crespo-Blanco et al., 2022) implies that 

In the  sequel,  notations “𝑊1 ↪ 𝑊2 and 𝑊1 ↪↪ 𝑊2 ” indicate  respectively  the “continuous  and  compact 
embeddings from 𝑊1 into 𝑊2 ”. The following results are found in (Crespo-Blanco et al., 2022).

Proposition 2 (Crespo-Blanco et al., 2022)

given in (4).” We already defined spaces 𝐿Ψ(Ω), 𝑊0
1,Ψ(Ω) with corresponding norms || ⋅ ||Ψ, || ⋅ ||1,Ψ. Note 

that, if we set 𝑤2 ≡ 0, the space 𝐿Ψ(Ω) returns to the well-known “weighted Lebesgue space with variable 

exponent 𝐿𝑟1(⋅)(𝑤1, Ω) equipped with the norm || ⋅ ||𝐿𝑟1(⋅)(𝑤1,Ω) ”, whose crucial properties can be referred to 

(Diening et al., 2011; Ho & Sim, 2016). Furthermore, if 𝑤1 ≡ 1 we write 𝐿𝑟1(⋅)(Ω) and || ⋅ ||𝑟1(⋅) in the 

place of 𝐿𝑟1(⋅)(𝑤1, Ω) and || ⋅ ||𝐿𝑟1(⋅)(𝑤1,Ω) , respectively.

  The next proposition involves the relation between modular and norm for 𝐿Ψ(Ω), see (Crespo- 
Blanco et al., 2022; Ha & Ho, 2024).

Proposition 1

Science & Technology Development Journal – Engineering and Technology 2026, ():1-10

PRELIMINARIES
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(i). 𝑊1,ℳ(𝛺) ↪ 𝐿𝒢(𝛺) with 𝑠1(𝑥) ≤ 𝑝
∗(𝑥) 𝑎𝑛𝑑 𝑠2(𝑥) ≤ 𝑞

∗(𝑥) for all 𝑥 ∈ 𝛺.  

(ii). Moreover, if 𝑠1(𝑥) < 𝑝
∗(𝑥) 𝑎𝑛𝑑 𝑠2(𝑥) < 𝑞

∗(𝑥) 𝑡ℎ𝑒𝑛 𝑊1,ℳ(𝛺) ↪↪ 𝐿𝒢(𝛺). ” 

Due to Proposition 3,  it follows that 

𝑆 ≔ 𝑖𝑛𝑓
φ∈W∖{0}

||φ||

||φ||𝒢
>0. (10) 

 

In the sequel, the notations “𝑢𝑛  
𝑠
→ 𝑢 (𝑟𝑒𝑠𝑝. , 𝑢𝑛

𝑤
→𝑢, 𝑢𝑛

𝑤∗
→ 𝑢) 𝑖𝑛 𝑋 𝑎𝑠 𝑛 → ∞ ” ,where 𝑋 is some 

appropriate space, stand for that “𝑢𝑛 converges strongly (resp., weakly, weakly*) to 𝑢  in 𝑋 as 𝑛 → ∞”. The 

next result is called “Lions-type concentration compactness principle” stated for the solution space 𝑊, which 

is crucial to handle “the lack of compactness” issue.  We refer to (Ha & Ho, 2024) for more details.  

Proposition 4 (Ha & Ho, 2024)  

Let (𝒜1) − (𝒜2) hold and {𝑢𝑛}𝑛∈𝑁 is a “bounded sequence in 𝑊”.  We denote ℛ(𝛺) by the “space of 

finite Radon measures” on 𝛺 and assume that  

𝑢𝑛
𝑤𝑖
→ 𝑢 𝑖𝑛 𝑊, ℳ(⋅, |𝛻𝑢𝑛|)

𝑤∗
→  𝜂 𝑖𝑛 ℛ(𝛺), 𝒢(⋅, |𝑢𝑛|)

𝑤∗
→  𝜇 𝑖𝑛 ℛ(𝛺),   

Then there exist families of distinct points {𝑥𝑖}𝑖∈𝐼, of non-negative numbers {𝜇𝑖}𝑖∈𝐼 , {𝜂𝑖}𝑖∈𝐼 ⊂ (0,∞), 

where 𝐼 is an at most countable, such that 

𝜇 = 𝒢(⋅, |𝑢|) +∑𝜇𝑖δ𝑥𝑖
𝑖∈𝐼

 (11) 

η ≥ ℳ(⋅, |∇𝑢) +∑𝜂𝑖δ𝑥𝑖
𝑖∈𝐼

 (12) 

𝑆𝑚𝑖𝑛 {𝜇
𝑖

1
𝑝∗(𝑥𝑖), 𝜇

𝑖

1
𝑞∗(𝑥𝑖) } ≤ 𝑚𝑎𝑥 {𝜂

𝑖

1
𝑝(𝑥𝑖), 𝜂

𝑖

1
𝑞(𝑥𝑖)} 

where 𝛿𝑥𝑖 is the “Dirac mass” at 𝑥𝑖 and 𝑆 is given in (10). 

          (13) 

We prepare to give proofs for our main results in the next section.  

Along this section, we let 𝜃 = 1 and all hypotheses in Theorem 1 are valid. The idea of proof is 

employed from (Chung & Ho, 2022). We also use 𝐶𝑖 with 𝑖 ∈ 𝑁 to denote positive constants, which depend 

only on the initial data and values may change differently lines through lines. 

Due to the facts that 𝑞+ < 𝜎 and 𝐾 is continuous, non-decreasing on [0, 𝑡0), we choose 𝑡∗ so that 

0 < 𝑡∗ < min {1, 𝑡0}, and 

𝐾(𝑡∗)𝑞
+ < 𝐾0𝜎. (14) 

Define a modification of 𝐾 as  

𝐾(𝑡) = {
𝐾(𝑡) if 𝑡 ∈ [0, 𝑡∗]

𝐾(𝑡∗) if 𝑡 > 𝑡∗     
. 

Clearly, 𝐾: [0,∞) → [0,∞) which is continuous, non-decreasing and satisfies 

||𝑣||ℳ ≤ 𝐶|||∇𝑣|||ℳ ∀𝑣 ∈ 𝑊0
1,ℳ(Ω).

Thus, on 𝑊 (: = 𝑊0
1,ℳ(Ω)), we will work with an equivalent norm

  ||𝑣|| ≔ ||∇𝑣||ℳ (= |||∇𝑣|||ℳ).

The next critical embedding result was proved in (Ho & Winkert, 2023b).

Proposition 3

Let 𝒢 be given in (7) and assume that 𝑏1(⋅) > 0, 𝑏2(⋅) ≥ 0, 𝑏1, 𝑏2 ∈ 𝐿∞(Ω), 𝑎𝑛𝑑 𝑠1, 𝑠2 ∈ 𝐶+(𝛺).Then it

holds that “

PROOFS OFMAIN RESULTS
The existence of a nontrivial solution
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𝐾0 ≤ 𝐾(𝑡) ≤ 𝐾(𝑡∗) for all 𝑡 ∈ [0,∞) (15) 

consequently,  

𝐾0𝑡 ≤ 𝐾̂(𝑡) ≔ ∫ 𝐾(𝜏)𝑑𝜏
𝑡

0

≤ 𝐾(𝑡∗)𝑡  for  𝑡 ∈ [0,∞). (16) 

For any λ > 0, we consider the modified functional 𝐽λ:𝑊 → ℝ associated with problem (1) as 

𝐽𝜆(𝑢) = 𝐾̂ (∫𝒯(𝑥, ∇𝑢)d𝑥
Ω

) − 𝜆∫ 𝐹(𝑥, 𝑢)d𝑥 − ∫ 𝐺̂(𝑥, 𝑢)d𝑥 , ∀𝑢 ∈ 𝑊
ΩΩ

  

where  𝐺̂(𝑥,⋅) is the anti-derivative of 𝑔(𝑥,⋅), that is 

“𝐺̂(𝑥, 𝑡) =
𝑏1(𝑥)

𝑠2(𝑥)
|𝑡|𝑠1(𝑥) +

𝑏2(𝑥)

𝑠2(𝑥)
𝜇(𝑥)

𝑠2(𝑥)

𝑞(𝑥) |𝑡|𝑠2(𝑥) for (𝑥, 𝑡) ∈ Ω × ℝ.” 

Using Proposition 2, Proposition 3 with standard arguments, the functional 𝐽𝜆 belongs to class 𝐶1 with 

derivative 𝐽𝜆
′ :𝑊 → 𝑊∗ given by “ 

⟨𝐽𝜆
′ (𝑢), 𝜑⟩ =  𝐾 (∫𝒯(𝑥, ∇𝑢

Ω

)𝑑𝑥)∫𝑇(𝑥, ∇𝑢). ∇𝜑 d𝑥
Ω

− 𝜆 ∫ 𝑓(𝑥, 𝑢)𝜑 d𝑥 
Ω

− ∫𝑔(𝑥, 𝑢)𝜑 d𝑥
Ω

  

   

   

 

   

        

     

 

             

𝐿 <  (
1

𝜎
−
1

𝑠1
− 
)  𝑚𝑖𝑛{𝐾0

𝜏1 , 𝐾0
𝜏2 } min {𝑆𝑛1 , 𝑆𝑛2 } (17) 

where τ1 ≔ (
𝑝∗

𝑞∗−𝑝
)
−

, τ2 ≔ (
𝑞∗

𝑝∗−𝑞
)
+

, 𝑛1 ≔ (
𝑝𝑞∗

𝑞∗−𝑝
)
−

, 𝑛2 ≔ (
𝑞𝑝∗

𝑝∗−𝑞
)
+

. Then, the sequence {𝑢𝑛}𝑛∈𝑁 admits 

a “subsequence converging strongly in 𝑊 ”. 

Proof. 

 Let us claim firstly that {𝑢𝑛}𝑛∈𝑁 is bounded in 𝑊.  One has from (15)-(16) that “ 

𝐾0
𝑞+
∫ℳ(𝑥, |∇𝑣|)
Ω

𝑑𝑥 ≤ 𝐾̂ (∫𝒯(𝑥, ∇𝑣)𝑑𝑥
Ω

) ≤
𝐾(𝑡∗)

𝑝−
∫ℳ(𝑥, |∇𝑣|)
Ω

𝑑𝑥, ∀ 𝑣 ∈ 𝑊. (18) 

Using Proposition 1 together with (f1), (14) and the above inequality, for 𝑛 ∈ 𝑁 large it holds that 

𝐿 + 1 + ||𝑢𝑛|| ≥ 𝐽𝜆(𝑢𝑛) −
1

𝜎
⟨𝐽𝜆
′ (𝑢𝑛), 𝑢𝑛⟩ 

               ≥ (
𝐾0
𝑞+
−
𝐾(𝑡∗)

𝜎
)∫ℳ(𝑥, |∇𝑢𝑛|)𝑑𝑥 + 

Ω

𝜆

𝜎
∫ [𝑓(𝑥, 𝑢𝑛)𝑢𝑛 − 𝜎𝐹(𝑥, 𝑢𝑛)]𝑑𝑥
Ω

 

+ (
1

𝜎
−
1

𝑠1
−)∫𝒢(𝑥, |𝑢𝑛|)𝑑𝑥

Ω

 

  ≥ 𝐶1(||𝑢𝑛||
𝑝− − 1) 

       

 

 

 

 

 

(19) 

which yields the boundedness of {𝑢𝑛} in 𝑊 (due to 𝑝− > 1). Thus, by means of a subsequence, it follows 

from  Proposition 4 that 

Science & Technology Development Journal – Engineering and Technology 2026, ():1-10

for all 𝑢, 𝜑 ∈ 𝑊. ”

We  will look for a critical point 𝑢𝜆 of 𝐽𝜆 satisfying ∫Ω 𝒯(𝑥, ∇𝑢𝜆)𝑑𝑥 < 𝑡∗, which becomes a solution of 

problem (1).

The following lemma is a compactness result of 𝐽𝜆. Recalling that a sequence {𝑢𝑛}𝑛∈𝑁 ⊂ 𝑊 is

said to be a “(𝑃𝑆) sequence” for 𝐽𝜆 in 𝑊 at a level 𝐿 ∈ ℝ if it satisfies

  𝐽𝜆(𝑢𝑛) → 𝐿 𝑎𝑛𝑑 𝐽𝜆
′ (𝑢𝑛) → 0 𝑎𝑠 𝑛 → ∞.

Lemma 1

Suppose that {𝑢𝑛}𝑛∈𝑁 is a (PS) sequence for 𝐽𝜆 in 𝑊 at level 𝐿 ∈ ℝ and 𝐿 satisfies
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𝑢𝑛(𝑥) → 𝑢(𝑥) a. a 𝑥 ∈ Ω (20) 

𝑢𝑛  
𝑤
→ 𝑢 𝑖𝑛   𝑊 (21) 

ℳ(⋅, |𝛻 𝑢𝑛 |)  
𝑤∗
→ 𝜂 ≥ℳ(⋅, |𝛻𝑢|)  +∑𝜂𝑖  𝛿𝑥𝑖

𝑖∈𝐼

 𝑖𝑛  ℛ(𝛺) (22) 

𝒢(⋅, |𝑢𝑛|) 
𝑤∗
→  𝜇 = 𝒢(⋅, |𝑢|) + ∑𝜇𝑖𝛿𝑥𝑖

𝑖∈𝐼

 𝑖𝑛  ℛ(𝛺) (23) 

𝑆𝑚𝑖𝑛 {𝜇
𝑖

1
𝑝∗(𝑥𝑖), 𝜇

𝑖

1
𝑞∗(𝑥𝑖) } ≤ 𝑚𝑎𝑥 {𝜂

𝑖

1
𝑝(𝑥𝑖), 𝜂

𝑖

1
𝑞(𝑥𝑖)} (24) 

   

      

    

𝜇𝑖 ≥ 𝑚𝑖𝑛{𝐾0
𝜏1 , 𝐾0

𝜏2 } min {𝑆𝑛1 , 𝑆𝑛2 }. (25) 

       

𝐿 + 𝑜𝑛(1) ≥ 𝐽𝜆(𝑢𝑛) −
1

𝜎
⟨𝐽𝜆
′ (𝑢𝑛), 𝑢𝑛⟩

≥ (
𝐾0
𝑞+
−
𝐾(𝑡∗)

𝜎
)∫ℳ(𝑥, |∇𝑢𝑛|)𝑑𝑥 + 

Ω

𝜆

𝜎
∫ [𝑓(𝑥, 𝑢𝑛)𝑢𝑛 − 𝜎𝐹(𝑥, 𝑢𝑛)]𝑑𝑥
Ω

 

                       +(
1

𝜎
−
1

𝑠1
−)∫𝒢(𝑥, |𝑢𝑛|)𝑑𝑥

Ω

 

which leads to 𝐿 + 𝑜𝑛(1) ≥ (
1

𝜎
−

1

𝑠1
−) ∫ 𝒢(𝑥, |𝑢𝑛|)𝑑𝑥Ω

. 

Letting 𝑛 → ∞ in the last estimate and taking (23), (25) into account, we deduce 

𝐿 ≥ (
1

𝜎
−
1

𝑠1
−)𝜂𝑖 ≥ (

1

𝜎
−
1

𝑠1
−)𝑚𝑖𝑛{𝐾0

𝜏1 , 𝐾0
𝜏2 } min {𝑆𝑛1 , 𝑆𝑛2 }, 

which contradicts to (17). Hence, we must have 𝐼 = ∅. Thus, we deduce from (23) that 

∫𝒢(𝑥, |𝑢𝑛|)𝑑𝑥
Ω

→ ∫𝒢(𝑥, |𝑢|)𝑑𝑥
Ω

 𝑎𝑠 𝑛 → ∞. 

  

𝑢𝑛  
𝑠
→ 𝑢 in 𝐿𝒢(Ω) 

   

        

 

  

 

  

(i). There are positive numbers 𝛿  and 𝜌 such that 𝐽𝜆(𝑢) ≥ 𝜌 for all 𝑢 ∈W with ||𝑢|| = 𝛿. 

(ii). There is a  𝜑𝜆 ∈ 𝑊 with ||𝜑𝜆|| > 𝛿 holding 𝐽𝜆(𝜑𝜆) < 0. 

Proof.  

We show (i). Thanks to Proposition 2 and Proposition 3, let us choose a constant 𝐶1 > 1 such that 

max{||𝑢||𝑚(⋅), ||𝑢||𝒢} ≤ 𝐶1||𝑢|| for all 𝑢 ∈ 𝑊. (26) 

 Assumptions (𝑓0) and (𝑓2)  imply that 

Combining this with (20) and Lemma 4.3 (Brezis-Lieb type) in (Ha & Ho, 2024), we derive

Finally, by virtue of Theorem 3.3 (Crespo-Blanco et al., 2022) and reasoning as in the last part of

Theorem 5.1 (Ha & Ho, 2024), we obtain a strong convergent subsequence of {𝑢𝑛} in 𝑊. ■

The next lemma is about the geometry mountain pass property of 𝐽𝜆.

Lemma 2

For any 𝜆 > 0, 𝐽𝜆 satisfies the following two facts.

To obtain the strong convergence of a subsequence {𝑢𝑛} in 𝑊, we are going to show “𝐼 = ∅”. Assuming 

for contradiction, there exists some 𝑖 ∈ 𝐼. Using (20)-(24) and  applying identical arguments used  in  the 
proof of Lemma 5.1 (Ha & Ho, 2024) , we obtain

Meanwhile, the assumption (𝑓1), (18) and the property (𝑃𝑆)𝑐 of {𝑢𝑛} imply that
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|𝐹(𝑥, 𝑡)| ≤
𝐾0𝜅

2𝑞+𝜆
|𝑡|𝑝(𝑥) + 𝐶2|𝑡|

𝑚(𝑥) for all 𝑡 ∈ ℝ and a. a 𝑥 ∈ Ω. 

where 𝜅 is given in (𝑃). 

 

 

 

 

               

(27) 

 

 

 

 Combining Proposition 1 with (8), one has 

𝐽𝜆(𝑢) ≥
𝐾0
2𝑞+

∫ ℳ(𝑥, |𝛻𝑢|)𝑑𝑥 + 
𝐾0
2𝑞+

∫|𝛻𝑢|𝑝(𝑥)𝑑𝑥
𝛺𝛺

−
𝐾0𝜅

2𝑞+
∫ |𝑢|𝑝(𝑥)𝑑𝑥 − 𝐶2∫|𝑢|

𝑚(𝑥)𝑑𝑥
𝛺𝛺

 

               −
1

𝑠1
−∫𝒢(𝑥, |𝑢|)𝑑𝑥

𝛺

 

≥
𝐾0
2𝑞+

∫ℳ(𝑥, |𝛻𝑢|)𝑑𝑥
𝛺

− 𝐶2𝑚𝑎𝑥{||𝑢||𝑚(⋅)
𝑚−
, ||𝑢||𝑚(⋅)

𝑚+
} −

1

𝑠1
−𝑚𝑎𝑥 {||𝑢||𝒢

𝑠1
−

, ||𝑢||𝒢
𝑠2
+

}. 

for all 𝑢 ∈ 𝑊. Thanks to (26)-(27), the last estimate implies 

𝐽𝜆(𝑢) ≥ C3∫ℳ(𝑥, |𝛻𝑢|)𝑑𝑥
𝛺

− C3𝑚𝑎𝑥{||𝑢||
𝑚−
, ||𝑢||𝑚

+
} − C3𝑚𝑎𝑥{||𝑢||

𝑠1
−
, ||𝑢||𝑠2

+
} ,  

∀𝑢 ∈ 𝑊. 

Therefore, for any 𝑢 ∈ 𝑊 with ||𝑢|| = 𝛿 ∈ (0,1), we get from Proposition 1 and the last inequality that 

𝐽𝜆(𝑢) ≥ C3||𝑢||
𝑞+ − 𝐶3||𝑢||

𝑚−
− 𝐶3||𝑢||

𝑠1
−
=  C3𝛿

𝑞+ − 𝐶3𝛿
𝑚−
− 𝐶3𝛿

𝑠1
−
. 

Since 𝑞+ < 𝑚− < 𝑠1
− (by (𝑓0)), for 𝛿 ∈ (0,1) small enough we deduce 

𝜌 ≔ C3𝛿
𝑞+ − 𝐶3𝛿

𝑚−
− 𝐶3𝛿

𝑠1
−
> 0. 

Now we show (ii). Let 𝑢∗ ∈ 𝐶𝑐
∞(𝛺) ∖ {0} be fixed. Note that 𝐹(𝑥, 𝑡) > 0 due to (𝑓1), then for any 𝑡 >

1 we have 

𝐽𝜆(𝑡𝑢∗) ≤ 𝐴0𝑡
𝑞+ − 𝐴1𝑡

𝑠1
−
 

where “𝐴0 ≔
𝐾(𝑡∗)

𝑝−
(∫  ℳ(𝑥, |𝛻𝑢∗|)𝑑𝑥𝛺

)” and “𝐴1 ≔
1

𝑠2
+ ∫ 𝒢(𝑥,𝛺

|𝑢∗|)𝑑𝑥 ”.  

Since 𝑞+ < 𝑠1
−, the last inequality implies that there exists 𝑡1(𝜆) > 0 sufficiently large such that 

                         ■  

                 

   

𝑐𝜆 ≔ 𝑖𝑛𝑓
ℎ∈𝛤𝜆

𝑚𝑎𝑥
𝑡∈[0,1]

𝐽𝜆(ℎ(𝑡)). (28) 
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𝑡1(𝜆)||𝑢∗|| > 𝛿 and 𝐽𝜆(φλ) < 0 𝑤𝑖𝑡ℎ 𝜑𝜆 ≔ 𝑡1(𝜆)𝑢∗. Hence, (ii) follows.

For each 𝜆 > 0, with 𝜑𝜆 given in Lemma 2, we define

where 𝛤𝜆 ≔ {ℎ ∈ 𝐶([0,1], 𝑊): ℎ(0) = 0, ℎ(1) = φλ}.“

The next lemma involves the existence of a (𝑃𝑆) sequence for 𝐽𝜆, which is crucial to get a critical

point.”

Lemma 3

It holds that 𝑐𝜆 > 0. Moreover, “there exists a sequence {𝑢𝑛}𝑛∈𝑁 ⊂ 𝑊 so that {𝑢𝑛}𝑛∈𝑁 is a (𝑃𝑆)

sequence at level 𝑐𝜆 for 𝐽𝜆 in 𝑊 ”, that is

𝐽𝜆(𝑢𝑛) → 𝑐𝜆, 𝑎𝑛𝑑 𝐽𝜆
′ (𝑢𝑛) → 0 𝑎𝑠 𝑛 → ∞.

The  proof   is  followed  by  the  combination  of Lemma 2 with  a  general  version  of  “Mountain  Pass

Theorem” stated in Lemma 3.1 (Azorezo & Alonso, 1991). We omit the details for the brevity.

We are now in position proving Theorem 1.

Proof of Theorem 1

We take {𝑢𝑛}𝑛∈𝑁 as the sequence found in Lemma 3. We are going to show that

𝑐𝜆 → 0 𝑎𝑠 𝜆 → +∞. (29)
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0. Consequently, we have 
𝑑

𝑑𝑡
𝐽𝜆𝑛(𝑡𝑢∗)|𝑡=𝑡𝑛

= 0; thus, it holds that 

𝐾 (∫𝒯(𝑥, 𝑡𝑛𝛻𝑢∗
𝛺

 )𝑑𝑥)∫ℳ(𝑥, |𝑡𝑛𝛻𝑢∗|) 𝑑𝑥
𝛺

= 𝜆𝑛  ∫ 𝑓(𝑥, 𝑡𝑛𝑢∗)𝑡𝑛𝑢∗ 𝑑𝑥 
𝛺

+ ∫𝒢(𝑥, 𝑡𝑛|𝑢∗|) 𝑑𝑥
𝛺

. 

(30) 

 

Since 𝑓(𝑥, 𝜏)𝜏 > 0 for a.a 𝑥 ∈ 𝛺 and 𝜏 ∈ ℝ (due to (𝑓1)), we obtain from (30) that 

𝐾 (∫𝒯(𝑥, 𝑡𝑛𝛻𝑢∗
𝛺

 )𝑑𝑥)∫ℳ(𝑥, |𝑡𝑛𝛻𝑢∗|) 𝑑𝑥
𝛺

≥ ∫𝒢(𝑥, 𝑡𝑛|𝑢∗|)𝑑𝑥
𝛺

     

≥  𝑚𝑖𝑛 {𝑡𝑛
s1
−

, 𝑡𝑛
s2
+

, }∫ 𝒢(𝑥, |𝑢∗|)𝑑𝑥
𝛺

. 

(31) 

 

On the other hand, thanks to (15) we deduce 

𝐾 (∫𝒯(𝑥, 𝑡𝑛𝛻𝑢∗
𝛺

 )𝑑𝑥)∫ℳ(𝑥, |𝑡𝑛𝛻𝑢∗|) 𝑑𝑥
Ω

       

≤ 𝐾(𝑡∗)max {𝑡𝑛
𝑝−
, 𝑡𝑛
𝑞+
}∫ℳ(𝑥, |𝛻𝑢∗|) 𝑑𝑥
Ω

. 
(32) 

Since 𝑠1
− > 𝑞+, (31) and (32) imply that {𝑡𝑛}𝑛∈𝑁 is bounded, hence, by extracting subsequence, if 

necessary, we have 

𝑡n → 𝑡̅ ≥ 0. 

We are going to show that 𝑡̅ = 0. By contrast, we assume 𝑡̅ > 0.  In (30), we pass the limit as 𝑛 → ∞. 

For the left side of  (30), we have 

𝐾 (∫𝒯(𝑥, 𝑡𝑛𝛻𝑢∗
𝛺

 )𝑑𝑥)∫ℳ(𝑥, |𝑡𝑛𝛻𝑢∗|) 𝑑𝑥
𝛺

→ 𝐾(∫𝒯(𝑥, 𝑡̅𝛻𝑢∗
𝛺

 )𝑑𝑥)∫ℳ(𝑥, |𝑡̅𝛻𝑢∗|) 𝑑𝑥
𝛺

< ∞ 

meanwhile, for the right side, since 𝜆𝑛 → ∞ as 𝑛 → ∞, it holds 

𝜆𝑛  ∫ 𝑓(𝑥, 𝑡𝑛𝑢∗)𝑡𝑛𝑢∗ 𝑑𝑥 
𝛺

+ ∫𝒢(𝑥, 𝑡𝑛|𝑢∗|) 𝑑𝑥
𝛺

→ ∞. 

Thus, we get the contradiction and so  lim
𝑛→∞

𝑡𝑛 = 0. 

     

 

𝑚𝑎𝑥
𝑡≥0

𝐽𝜆𝑛(𝑡𝑢∗) = 𝑚𝑎𝑥
𝑡∈[0,𝑡1(𝜆)]

𝐽𝜆𝑛(𝑡𝑢∗) =  𝑚𝑎𝑥𝑡∈[0,1]
𝐽𝜆𝑛(𝑡𝜑𝜆𝑛) = 𝑚𝑎𝑥

𝑡∈[0,1]
𝐽𝜆𝑛(𝜗𝑛(𝑡)). 

    

𝐽𝜆𝑛(𝜗𝑛(𝑡)) = max𝑡≥0
𝐽𝜆𝑛(𝑡𝑢∗) = 𝐽𝜆𝑛(𝑡𝑛𝑢∗) 

≤ 𝐾̂ (∫𝒯(𝑥, 𝑡𝑛∇𝑢∗)𝑑𝑥
Ω

) ≤
𝐾(𝑡∗)

𝑝−
max {𝑡𝑛

𝑝−
, 𝑡𝑛
𝑞+
}. 

Because 𝑙𝑖𝑚
𝑛→∞

𝑡𝑛 = 0, we get (29). This result enables us to take a  𝜆# > 0 such that 

𝑐𝜆 < (
1

𝜎
−
1

𝑠1
− 
)  𝑚𝑖𝑛{𝐾0

𝜏1 , 𝐾0
𝜏2 } 𝑚𝑖𝑛 {𝑆𝑛1 , 𝑆𝑛2 }, ∀𝜆 > 𝜆#. 

    

𝑢𝑛
𝑠
→𝑢𝜆 𝑖𝑛 𝑊 𝑎𝑠 𝑛 → ∞. 

Hence, 𝑢𝜆 is a critical point of the modified functional 𝐽𝜆. Since 𝐽𝜆(𝑢𝜆) = 𝑐𝜆 > 0, 𝑢𝜆  is nontrivial.  

We need to return 𝑢𝜆 to a solution of problem (1), to this end, we show that ∫ 𝒯(𝑥, ∇𝑢𝜆Ω
)𝑑𝑥 < 𝑡∗. Using 

(𝑓1), one has 

To this end, let {𝜆𝑛}𝑛∈𝑁 ⊂ (0, ∞) be such that 𝜆𝑛 → ∞ 𝑎𝑠 𝑛 → ∞. Following the proof of Lemma 2, for 

each 𝑛 ∈ 𝑁 and 𝑢∗ ∈ 𝐶𝑐
∞(𝛺) be fixed with ||𝑢∗|| ≠ 0, 𝐽𝜆𝑛(𝑡𝑢∗) attains maximum at some 𝑡 = 𝑡𝑛 >

For each 𝑛 ∈ 𝑁, we consider the path 𝜗𝑛(𝑡) ≔ 𝑡𝜑𝜆𝑛 , where 𝜑𝜆𝑛 is given in Lemma 2. Hence, one 

has 𝜗𝑛 ∈ 𝛤𝜆𝑛. In view of Lemma 2-(ii), we have

Then, extracting a subsequence, if necessary, we deduce from Lemma 1

Thus, formula (28) of 𝑐𝜆 provides

0 < 𝑐𝜆𝑛 ≤ 𝑚𝑎𝑥
  t∈[0,1]
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𝑐𝜆 = 𝐽𝜆(𝑢𝜆) −
1

𝜎
⟨𝐽𝜆
′ (𝑢𝜆), 𝑢𝜆⟩ ≥ (

𝐾0

𝑞+
−
𝐾(𝑡∗)

𝜎
) ∫ ℳ(𝑥, |∇𝑢𝜆|)𝑑𝑥.Ω

  

Therefore, (29) follows 

lim
𝜆→∞

∫ ℳ(𝑥, |∇𝑢𝜆|)Ω
𝑑𝑥 = 0,  

 

(33) 

 

leading to 

lim
𝜆→∞

∫𝒯(𝑥, ∇ 𝑢𝜆
Ω

)𝑑𝑥 = 0. 
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supporting this study.” 

As a consequence, there is 𝜆∗ > 𝜆# so that ∫Ω 𝒯(𝑥, ∇ 𝑢𝜆)𝑑𝑥 ≤ 𝑡∗, ∀𝜆 > 𝜆∗. Finally, we show (9). Indeed, 

this conclusion can be obtained easily from (33) and the following fact

min{||𝑢𝜆||
𝑞+ , ||𝑢𝜆||

𝑝− } ≤ ∫Ω ℳ(𝑥, |∇𝑢𝜆|) 𝑑𝑥. ■

The proof of Theorem 2 is almost similar with that in Theorem 1.2 (Ho & Sim, 2023). The key

difference is that we use Proposition 4 instead of Theorem 2.7 (Ho & Sim, 2023) to obtain the compactness

of the energy functional. For the brevity,
 

the proof details are not included here.

CCP: Concentration-compactness principle

PS: Palais-Smale
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TÓM TẮT
Trong bài báo này, chúng tôi nghiên cứu một lớp phương trình phi tuyến, thuộc lĩnh vực phương
trình đạo hàm riêng, chưa toán tử pha kép sốmũ biến. Cụ thể hơn, chúng tôi xét các bài toán chứa
toán tử có dạng

cùng với số hạng phi địa phương. Các bài toán chứa toán tử dạng này xuất hiện trong các ứng
dụng thuộc nhiều lĩnh vực khác nhau, chẳng hạn trong các quá trình phản ứng-khuếch tán, lý
thuyết đàn hồi phi tuyến, cơ học chất lỏng hay vật lý lượng tử.
Một tính chất đặc biệt của toán tử ``pha kép'' là khả năng thay đổi liên tục giữa các pha khác nhau
theo các điểm trong không gian. Hiện tượng này làm cho các bài toán liên quan toán tử pha kép
trở nên khác biệt và chứa nhiều thách thức hơn so với các bài toán cổ điển Laplacian trước đó. Hơn
thế nữa, bài toán chúng tôi xét trong nghiên cứu này cũng chứa các số hạng phản ứng (số hạng
phi tuyến) với các tăng trưởng tổng quát, kết hợp giữa tăng trưởng ``dưới tới hạn'' và ``tới hạn'', do
đó bao hàm các lớp phương trình rộng hơn so với một số nghiên cứu trước đó.
Mục tiêu của chúng tôi trong nghiên cứu này là thu được sự tồn tại nghiệm (yếu) của bài toán và
dáng điệu nghiệm. Nghiệmbài toán được xây dựng trong không gianMusielak-Orlicz-Sobolev liên
kết toán tử pha kép. Phương pháp nghiên cứu được xây dựng dựa trên các lý thuyết của giải tích
biến phân, đưa nghiệm của bài toán về điểm tới hạn của phiếm hàm năng lượng tương ứng. Lý
thuyết điểm tới hạn đòi hỏi tính compact của phiếm hàm năng lượng. Khi bậc tăng trưởng của
các phi tuyến là dưới tới hạn, tính compact của phiếm hàm năng lượng thu được không khó khăn
thông qua các phép nhúng Sobolev. Tuy nhiên, khi phi tuyến chứa bậc tăng trưởng tới hạn, tính
compact của các phép nhúng Sobolev không còn nữa. Để khắc phục điều này, chúng tôi cần sử
dụng kết quả về nguyên lý compact tập trung của Lions, được thiết lập cho các không gian với
toán tử pha kép đã được công bố trước đó.
Từ khoá: toán tử pha kép, các bài toán Kirchhoff, số mũ biến, tăng trưởng tới hạn
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